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Abstract

In this paper, we extend the Bardos—Golse—Levermore program (Bardos et al
1993 Commun. Pure Appl. Math. 46 667-753) to prove that a local weak
solution to the d-dimensional incompressible Navier—Stokes equations (d > 2)
can be constructed by taking the hydrodynamic limit of a discrete-velocity
Boltzmann equation with a simplified Bhatnagar—Gross—Krook collision oper-
ator. Moreover, in the case when the dimension is d = 2,3, we characterise
the combinations of finitely many particle velocities and probabilities that
lead to the incompressible Navier—Stokes equations in the hydrodynamic limit.
Numerical computations conducted in two-dimensional indicate that in the case
of the simplest velocity lattice (D2Q09), the rate with which this hydrodynamic
limit is achieved is of order O(g?), where € — 0 is the Knudsen number. For
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the future investigations, it is worth considering if the hydrodynamic limit of
the discrete-velocity Boltzmann equation can be also rigorously justified in the
presence of non-trivial boundary conditions.

Supplementary material for this article is available online
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1. Introduction

The lattice Boltzmann method (LBM for short), originating from lattice gas automata, is a
successful and promising numerical scheme for simulating fluid flows. Different from con-
ventional schemes which are based on macroscopic continuum equations, the LBM is based
on microscopic kinetic equations. The approach of using microscopic kinetic equations has
advantages over other computational fluid dynamics methods in the sense of easy implement-
ation of boundary conditions and parallel algorithms. The underlying reason for the effect-
iveness of the LBM is because of the fact that macroscopic fluid phenomena are collective
behaviours of microscopic interactions between particles. The LBM is characterised by the
numerical implementation of the lattice Boltzmann equation (LBE for short)

filx+ciAx,t+ Ar) =f; (x, 1) + Qi (x,1), i=0,1,...,M, €))

where M represents the number of non-zero particle velocities that we want to consider, c;
represents the ith local particle velocity, f; represents the particle velocity distribution function
along ¢; and €); represents the collision operator which characterises the rate of change of f;
resulting from collisions. There are many different choices for the collision operator €2; in (1).
Among which, the one that is most commonly used for Navier—Stokes simulations is the lattice
Bhatnagar—Gross—Krook (BGK) collision operator [5]

A 9 3
Qi (f) = TT: (fiea=fi)s fica ZWiQ(1+3Ci U5 (i U)* - 2|U|2> (2)

where 7y is the relaxation time, w; represents certain weight for velocity c;,
g:Zﬁ and gU:Zc,-fi.
i i

In particular, g is the macroscopic fluid density and U is the macroscopic fluid velocity. The
LBE (1) with collision operator (2) is usually referred to the ‘lattice BGK Boltzmann equation’,
see e.g. [26]. Throughout this paper, we use d € N to denote the space dimension and we work
with the case where the dimension d > 2. The f; .4 term in the lattice BGK collision operator (2)
is derived from the expansion of the Maxwell-Boltzmann equilibrium distribution

0 lv—U?
() @

Mg (x,v,1) =
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with respect to the velocity variable v in Hermite polynomials up to the third moment, i.e. poly-
nomials in v of power 2; see e.g. [16, chapter 3]. In the standard BGK Boltzmann equation,
the factor 4 in (3) is the macroscopic fluid temperature defined by

QU2+dQ9:/ Fx,v, 1) [v][*dv.
Rd

In addition, the f; o term in (2) is obtained under the isothermal assumption that 6 = 1.

Itis well-known that the Navier—Stokes equations can be derived formally from the LBE (1)
by the Taylor expansion and the Chapman—Enskog expansion, see, e.g. [8, 18, 30]. This is
the mathematical foundation for the use of the lattice Boltzmann equation (1) to model fluid
dynamics. Lallemand et al [18] provided a comprehensive overview of the LBM and of the
mathematical theory behind this method. Simonis and Krause [28] introduced the concept of
‘limit consistency’ to formally prove the consistency of the LBM schemes based on an analysis
of discretisations satisfying certain limiting properties. Motivated by the Taylor expansion,
Guo et al [12] introduced the ‘unified preserving property’ to consistent numerical schemes
for the LBE, so that the asymptotic orders of kinetic schemes can be assessed by employing
the modified equation approach and Chapman—Enskog analysis. Kummer and Simonis [17]
proved the nonuniqueness of solutions to lattice Boltzmann formulations obtained with multi-
step finite difference schemes, which indicates the existence of equivalence classes, defined
by generalised matrix similarity, for moment matrices used in defining a lattice Boltzmann
scheme. The convergence of the LBM to Navier-Stokes flows on periodic and bounded
domains was given by Junk and Yang [14]. Wissocq and Sagaut [30] conducted a detailed
exploration of numerical errors that arise in the implementation of the LBE with an acoustic
scaling, by first studying the hydrodynamic limit in the discrete setting and then investigating
the numerical consistency with respect to the compressible Navier—Stokes system. Overall,
most of the results on the LBM are only formal and, from the perspective of mathematical
analysis, are not rigorous since not only it is not known how (1) relates to the discretisa-
tion of the Navier—Stokes equations, but also the justification of how the continuous coun-
terpart of (1) relates to the Navier—Stokes equations is unclear. In order to justify the rela-
tion between the continuous counterpart of (1) and the Navier—Stokes equations in the most
rigorous way, one should take into account of the Knudsen number for the continuous coun-
terpart of LBE and investigate its hydrodynamic limit as the Knudsen number converges to
ZEero.

The study of the hydrodynamic limit from the Boltzmann equation was initiated by the
work of Bardos et al [4], where they derived Leray solutions to the incompressible Navier—
Stokes equations from DiPerna’s—Lions’ renormalised solutions [9] of the Boltzmann equation
with Grad’s cutoff kernel. Since then, the hydrodynamic limit of the Boltzmann equation has
become one of the major research topics in fluid mechanics, even until today. Along with the
philosophy of Bardos et al [4], BGL for short, many significant improvements were established
subsequently. For example, Lions and Masmoudi [21] extended the work of Bardos et al [4]
to a more general time-continuous case. Later on, Golse and Saint-Raymond [10] proved the
convergence of DiPerna—Lions’ renormalised solutions [9] to Leray solutions in the case for
hard cutoff potentials. Same convergence for the case of soft potentials was established by
Levermore and Masmoudi [20]. Furthermore, Arsenio [1] extended this convergence to the
case for non-cutoff potentials. Saint-Raymond [27] considered the Boltzmann equation with
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BGK collision operator and showed that solutions to the Boltzmann equation with BGK col-
lision operator that are fluctuations near the Maxwellian converge in hydrodynamic limit to
Leray solutions of the incompressible Navier—Stokes—Fourier equations. It should be remarked
that for all these fascinating results that are mentioned above, the solvability of the Boltzmann
equation is proved using an entropy method approach. In order to obtain solutions with bet-
ter regularity than Leray solutions in the hydrodynamic limit, Jiang et al [13] employed an
energy method approach to solve the Boltzmann equation in cases for both non-cutoff and
cutoff collision operators. They derived a global energy estimate for the Boltzmann equation
which holds when the initial data is sufficiently small. This global energy estimate guarantees
the existence of a global-in-time solution to the Boltzmann equation with Sobolev HY(N > 3)
regularity in spatial variable x when the initial data is sufficiently small. Hence, by taking
the hydrodynamic limit for this family of global solutions, a global classical solution to the
incompressible Navier—Stokes—Fourier equations can be obtained provided that the initial fluid
velocity is sufficiently small.

Apart from the BGL program, another method that can rigorously justify the hydrodynamic
limit of a Boltzmann-type equation relies on Hilbert expansions where one constructs the solu-
tion f to the Boltzmann equation in the form of f, = p+ ¢ /iu(f; +efa +... +€"~ U +ege)
in which fi.f>, .. ..f, are given by solutions of the prescribed macroscopic fluid equations and
g. is the remainder term. Hence, for this approach to work, the solvability of the prescribed
fluid equations has to be established in advance. This philosophy is very different from the
BGL program, where one does not need to assume any a priori information about the macro-
scopic fluid equations. It derives the fluid equations from solutions of the Boltzmann equation,
and consequently gives solutions to the fluid equations by taking the limit. In other words, the
Hilbert expansion establishes a link between the solution of the Boltzmann equation and the
solutions of the fluid equations, provided that the fluid equations are solvable, whereas the
BGL program proves the solvability of the macroscopic fluid equations by taking limits of
suitable moments for the solution of the Boltzmann equation. However, the Hilbert expansion
is an approach that would produce an explicit convergence rate, see e.g. [22], due to the ansatz
in which f; has a coefficient €' and g. has a coefficient £"*! in the Hilbert expansion. This
convergence rate is something that is hard to obtain from the BGL program. The purpose of
this paper is to give a rigorous justification for the hydrodynamic limit of a velocity-discretised
Boltzmann equation with simplified BGK collision operator by following the BGL program. It
should be emphasised that Junk and Yong [15] studied analogous questions in two-dimensional
(2D) using an approach based on the Hilbert expansion. Comparing to what they established,
our work develops a more comprehensive theory applicable to different spatial dimensions and
to more general lattice structures. More significantly, our work also presents a detailed proof
of the local well-posedness of the velocity-discretised Boltzmann equation, whereas in [15]
this aspect was skipped.

Next, we introduce our model, i.e. the discrete-velocity BGK (DVBGK for short)
Boltzmann equation, in an explicit way. We shall start by introducing the lattice structure
with which the macroscopic fluid equations can be derived in hydrodynamic limit. Let n € N
where n denotes the number of non-zero velocities that we want to consider in a lattice struc-
ture. Let V := {vo = 0,vy,...,v,} C R be a set of velocities for particles such that v; # v; for
any i,j € {0,1,...,n} satisfying i #j. Let w = (wo,w1,...,w,) € R""" be a weight that we are
going to impose on V where R, := {a € R | a > 0}. We call the pair (V,w) a lattice.
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Definition 1. We call a lattice (V,w) to be an isotropic lattice associated with the speed of
sound ¢y > 0 if they satisfy

n
E w; = 1,
i—0
n
g Wiviq =0,
i=0

n
2
E WiVi,aVis = €50ap, “)
i=0
n
E WiviaVigViy =0,
i=0

n
> Wiviavigviavic = ¢t (6apdyc + 0ardpc + 0acdpy),
i=0

where the notation v; , (1 < 7 < d) represents the 7-component of particle velocity v;.

The notion of an ‘isotropic lattice’ follows from the standard terminology describing lattice
symmetries in the classical lattice Boltzmann models, see, e.g. [31]. Let € > 0 be the Knudsen
number and (V,w) be an isotropic lattice. We define the DVBGK Boltzmann equation on
(V,w) in R? to be the vector system

1
edg"+v-Vig = — (¢5,— &), & |,_,=8&" )

cv
where v denotes the relaxation time,
8 =(85,87:-80) s 8oq = (80eqr8ieq--8heq)s &5 1= (88’678(1)’6a . -782’5)
and

vi= (o,vr, o) Vg = (Vigf, Vaghyo o, Vagh).

For each i which takes integer value from O to n, the v; in velocity matrix v is the ith velocity
defined in V and the ith component of the DVBGK Boltzmann equation (5) reads as

1
€087 +vi-Vigi =

57 (gie,eq 7g;€) ) gl€ |t:0: g?75’

where
Vi - ut e d
8ieq =P+ 102 Toa D uSus (viavis — ci0ap) (©)
s S a,p=1
with

n n
pR=) wigh, uTi= wivigt. @)
i=0 i=0
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It should be emphasised that the DVBGK Boltzmann equation (5), which is only discretised in
particle velocity, is distinct from the lattice BGK Boltzmann equation which is fully discretised
in space, time and particle velocity. Following the standard terminology, we call the numerical
implementation of the DVBGK Boltzmann equation (5) on an isotropic lattice to be the DdQn
scheme, see e.g. [16]. As an important fact, we emphasise that the summation condition (4)
implies that

n n
c E € e § e
P = Wi gi,eqa u = Wi Vi gi,eq' (8)
i=0 i=0

In order to achieve our goal, we follow the philosophy of Jiang et al [13] in using the energy
method approach to solve the Boltzmann equation, and the fundamental idea of Bardos et al
[4] in taking the hydrodynamic limits. Apart from the rigorous analysis which constructs a
local solution to the incompressible Navier—Stokes equations from the DVBGK Boltzmann
equation, our work also contains a numerical part, namely, we conduct computations in 2D to
provide information about the rate with which the hydrodynamic limit is achieved when the
Knudsen number tends to zero. More specifically, we work with the D2Q9 scheme to solve
the DVBGK Boltzmann equation (5) by considering 9 weights

g for i =0,
w; = é for i=1,2,3,4, )
L for i=5,6,7,8
36 B
and 9 velocities
vo = (0,0),
v =(1,0), v, =(0,1), v3=(—1,0), vy =(0,—1), (10)

with sound speed ¢ =

1.1. Rigorous justification of the hydrodynamic limit: analysis part

In order to establish the solvability of the DVBGK Boltzmann equation in a simple way, we
follow the philosophy in [11] to do cutoff to equation (5) in Fourier space, i.e. we work with
the approximate equation of (5) instead of (5) itself. We shall see by the end of section 3 that
this consideration would not affect the incompressible Navier—Stokes limit. To summarise the
underlying reason in a philosophical sentence, the hydrodynamic limit is not sensitive to small
changes on the form of the Boltzmann equation.

Suppose that (V,w) is an isotropic lattice. We next define the approximate equation of (5)
on (V,w). Lete € (0,1). For h € L*(R), we define that

Ac(h) = /R <L QRO e, (€)= /R (e dy, (D)

where 1j¢| .1 represents the indicator function for the open ball {¢ € R? | 1€ <e™'}, e
A (h) is the cutoff in Fourier space for & with respect to spatial x-variable. Since the DVBGK

6
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Boltzmann equation (5) is already discretised in velocity variable v, there is no need to do
cutoff to it in Fourier space with respect to v. Hence, we define the approximate DVBGK
Boltzmann equation to be the vector equation

1
e (87) 4 Vihe (87) = — (95— A (¢9), Ac(87) [, g= Ac (™) (12)
where

A (87) = (Ae(85) - A (8)s Goq = (Foeqr- -+ Gneq) »
Ac (go,e) = (As (ggﬁ) s e (8278)) :

For each i which takes integer value from 0 to n, the ith component of the approximate DVBGK
Boltzmann equation (12) reads as

1 -
O (87) + v~ Vahe (87) =  (Gog = Ac (7). A (8) [, oy= A (&)
where

vi A (
c?

gié:eq = AE (pe) t— 2 C4 Z Vi,aVi,g — 045) A (AE (ME)QAS (Mg)ﬁ) ’

@p=1 (13)

- zn:WiAa (g7), Ac(u):= ZWiViA
=0 i=0

and A, (u°),, denotes the ath component of A, (u®). Analogous to (8), we deduce by (4) that

)= WiGieq M) =D wiviGin,. (14)
i=0 i=0

Before stating our main results, we would like to define several notations and concepts that
will repeatedly appear in this paper. For f = (f(vo),....f(vs)), h = (h(vo),....h(v,)) € R*,
we define inner products

Lz = Zf Vz Vl <f’h>L§W = Zwif(vi)h(v’)
i=0

For f = (f(x,v0), .. ..f(x,va)), b = (h(x,0),....h(x,v,)) € L*(R?), we define inner products

Lsz:—Z Flx,vi) h(x,v;) dx, (thszy. Zw,/fxv, (x,v;) dx.

R4

LetNo:=NU{0} and 7 = (11,73, ...,74) € N&. We define

d
=7
j=1
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and use the notation O] to denote the differentiation O7'07:...07¢. For f=
(f(x,v0), .- . f(x,v)) € H"(RY) with ) € R, we define the norm

|V||[2-1;7L‘2, : ZWsz Vi ”Hn(Rd)

We set H'1?

v,w

to be the Sobolev space H" (R) equipped with norm || - || ;7 12 - By the Cauchy—

Schwarz inequality, we can easily observe that the space H7L?  is equivalent to the standard

v,w
Sobolev space H” (Rx). Regarding the approximate equation (12), we establish its local well-
posedness.

Lemma 2. Suppose that (V,w) is an isotropic lattice. Let € >0 be fixed and m € N with
m>d. Then, for any g*° € H"‘L% .» there exist constants Ty = To(g"¢,V,cs,m,d) > 0 and

co = co(V,cs,m,d) > 0, such that the approximate DVBGK Boltzmann equation (12) on (V,w)
with initial data A, (g%¢) is locally well-posed. In particular, the unique local solution

gs eL™ ([O,T()] Hx L\z)w)

satisfies g° |t:0: A (g%9), g° = A.(g°) and the local energy inequality
2 Lo

sup [l () ez, + 5 [ 195 () =" () ez,

1€[0,To) o

2 0, 2
v A6 iz, ooy
= v —coTo||Ax (g% =\87 ) llapez -

s)

Wi,

The merit of working with the approximate equation (12) instead of the original DVBGK
Boltzmann equation (5) is that the existence of a local solution to (12) can be constructed eas-
ily using the classical Picard’s method. Since we are considering the case where m > d, the
Sobolev space H"(R?) is indeed a Banach algebra. As a result, the local energy estimate (15)
can be derived easily by the traditional energy method. To show the existence of a local solu-
tion, for each 0 <i < n, we consider a sequence of functions {f (1) }en, that is constructed
inductively by

fiij+1(t)3:ﬁ0_i/0"z fog( ds—&—f/g,qu —fij(s) ds

3 Y

forj > 0 where f; = A= (g7 )

5 & Vi ~A5 (ue) € d 5 e
Geasi= A7) + 5+ 557 (= o) A (0 () A ).

)= wifiy A () = wivifs,.
i=0 =

Since f;; has compact support in Fourier space, by the Bernstein-type lemma (see e.g. [3,
lemma 2 1]), we can control the HY' norm of v; - V. ; by the HY' norm of f7;. Although in
this case £ with negative power would appear in the coefﬁment this is harmless Thus, we can
construct a local solution using the simple Picard’s iteration. Let f; := (ff;)o<i <n- We can prove

8
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by induction that the sequence {f; (1) };en, is Cauchy in L ([0, T5]; HY'L} ) with some T5 > 0
that depends on €. The existence of a local solution can then be concluded by the contraction
mapping theorem and the Banach fixed point theorem. Since the existence time T in the local
energy inequality (15) is independent of €, we can extend the local solution up to time T.
Moreover, by analogous energy method, the uniqueness for the local solution and continuity
with respect to initial data can be argued by deriving the energy inequality for the difference
between two local solutions that are well-defined on the same time interval. This completes
the proof of lemma 2.

Having the local solvability for the approximate equation (12), we can then follow the idea
of Bardos et al [4] to take the hydrodynamic limit. The main convergence theorem of this paper
reads as follows.

Theorem 3. Let m € N withm > d. For any (po,ug) € H"(R?) and 0 < ¢ < 1, we consider the

initial data g*¢ = (gg’s,g(l)’s, o 8%) with

& =A(p)+ 5 -Ac(w), VO<i<n (16)

N

to the approximate DVBGK Boltzmann equation (12) where A, is the cutoff in Fourier space
operator defined by (11). Suppose that {e,}nen C (0,1) is a sequence which converges to 0
as n — oo. For each n € N, let g be the unique local solution to the approximate DVBGK
Boltzmann equation (12) established in lemma 2 corresponding to the initial data g%°". Then,
there exist a subsequence {&,) }ren and (p,u) € L*({0, To); H"(RY)) such that

En(k) * Vi-u

8i p+

as k— oo

S

in the weak-x topology o (L>([0, To); H"(RY)); L' ([0, To];H_m(Rff))). Moreover, u is a local
weak solution to the Cauchy problem of the incompressible Navier—Stokes equations
O — cgquu +V, (u®u)+V,p=0,
Vi -u=0, a7
u(x,0) =P (ug)

where P denotes the Helmholtz projection for L*(R?). Furthermore, u € C([0, To]; H" ' (RY))
satisfies the local energy inequality
||u||L00([07T0];Hm(Rﬁ)) f, ”pO”Hm(R;/) + HMOHHM(RzXl)'

The formal derivation of the incompressible Navier—Stokes equations is somehow standard.
By taking the inner product of the approximate equation (12) with 1 and v in the L%M, sense,
we obtain that

1
81p€+gvx'l/l€:07
n 18)
1 (
o’ —w; V- (v ig5)=0.
U +iE:05W (vi ®v; g7)

It can be easily observed that the divergence free condition comes from the first equation of (18)
in hydrodynamic limit. To derive the main part of the Navier—Stokes equations, which results

9
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from the second equation of (18), more effort is needed. For each 0 < i < n, we have to use
the matrix A; := (v; ® v;) — c2I to rewrite

Vi (vi @vigf) = Vi (Ai (8§ —Gfeg)) + V- (AiGreq) + Vgt

i,eq

Then, by making use of the isotropic summation condition (4), we can show that the transport
term u€ - V,u® comes from the summation of ¢~ !'w; V, - (A; Qfeq) in i whereas the diffusion
term A,u° comes from the summation of e~ 'w; V, - (Ai (g5 — g;{eq)) in i. Hence, the second
equation of (18) can be rewritten in the form of

2
ot — czquue +V, (u ®@u®)— chVx divu® + %pre +R" =0 (19)

where R°® is a remainder term which converges to zero in the sense of distributions in the
hydrodynamic limit. The term V,p® in (19) is a bad term with high frequency, its coefficient
is of order e~! which blows up as € — 0. We have to get rid of this effect from (19) before we
take the limit € — 0. In order to do so, we apply the L?> Helmholtz projection P to both sides
of (19). The gradient term £~ !V, p° is thus eliminated. Without terms having high frequency,
we can then show that P(u°) is equi-continuous in time ¢ by an energy argument. Suppressing
subsequences, the strong convergence of P(u°) to u as € — 0 can be concluded by the Arzela—
Ascoli theorem. Finally, the convergence of u® — P(u®) to zero in the sense of distributions
is guaranteed by a compensated compactness result by Lions and Masmoudi [21]. It is worth
noting that the strong convergence of P(u°) (lemma 15) guarantees that the initial data for the
macroscopic fluid velocity is only determined by the first moment of g%, i.e. WiV g?’s.
Hence, when we construct the microscopic initial data for the DVBGK Boltzmann system
from the macroscopic fluid initial data, cf formula (16), it is not necessary to take into account
the nonlinear effect in g7, since the matrix v; ® v; — 21 is orthogonal to 1 and v; in the L%,w
sense.

As the end of the analysis part, we give characterisations to isotropic lattices in the case
whend =2,3and ¢ = 3~2. Since the combination of an isotropic lattice and speed of sound is
scale invariant (see remark 26), we have to restrict the size of every component of each particle
velocity in order to give a characterisation. The key idea for characterising 2D and 3D isotropic
lattices is as follows. If we require the size condition that every component of each particle
velocity takes value in the interval [—1, 1], then every component of each particle velocity can
only take value in the set {—1,0, 1}. Moreover, we note that for 1 <i < 5, the ith summation
condition in (4) is indeed the expectations of all possible products of i — 1 components of
particle velocities. The characterisations for 2D and 3D isotropic lattices (when ¢g = 3~ 2)can
be obtained by algebraic manipulations of summation conditions in (4) in the language of
expectations. In particular, in the 2D case with ¢y =3~ 2, we show that if we require that each
component of every particle velocity to take value in [—1, 1], then the D2Q9 scheme is the
only possible isotropic lattice. In the 3D case with ¢y = 372, we have more than one possible
choice for isotropic lattices, simply because of the system is underdetermined.

1.2. Numerical investigation of the hydrodynamic limit

In order to illustrate these concepts, in particular, the hydrodynamic limit of the DVBGK
Boltzmann system, we conduct numerical simulations of system (5) for different values of €
and compare these solutions to the solution of the Navier—Stokes system (17) with the corres-
ponding macroscopic initial condition. It should be emphasised here that, since we are inter-
ested in the question of the convergence of solutions to one PDE problem, i.e. (5), to solutions

10
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of another PDE problem, (17), as a parameter in the former is varied, we choose to rely on the
most accurate numerical approach available, which is the pseudospectral method [7], rather
than the LBM. Moreover, in most cases for the LBM, the Knudsen number does not appear as
an explicit parameter in (1), and its smallness can only be implicitly guaranteed by properly
adjusting the ratio between the spatial discretisation Ax and the temporal discretisation At.
On the other hand, our numerical approach is based directly on system (5) where the Knudsen
number is explicitly present such that that a direct quantitative comparison with the solutions
of (17) is possible.

For simplicity, we focus on the 2D case (d = 2) and consider problems defined on a periodic
spatial domain (i.e. a 2D torus Tf). Flows corresponding to two different macroscopic initial
conditions are studied, namely, the Taylor—Green vortex for which the 2D Navier—Stokes sys-
tem admits a closed-form analytic solution and its perturbed version which leads to a turbulent-
like evolution featuring repeated filamentation of vortices resulting in an enstrophy cascade. In
both cases we observe that || V.u(T) — Vu®(T)|| 2 (12) = O(e?) at some time T >0 as £ — 0.
This observation agrees with the convergence rate proved by Junk and Yong [15] using the
Hilbert expansion. For the BGL program, it is very hard to establish this convergence rate
rigorously, cf section 7 for a discussions of the underlying reasons.

1.3. Organisation of the paper

This article is organised as follows. Section 2 is devoted to the local well-posedness of the
approximate DVBGK Boltzmann equation (12). In section 2.1, we employ the standard energy
method to derive a local energy inequality which holds for both the approximate and the ori-
ginal DVBGK Boltzmann equation. In section 2.2, we construct a local solution to the approx-
imate equation (12) using the classical Picard’s method. In section 2.3, we consider analogous
energy argument as in section 2.1 to show the uniqueness and continuity with respect to ini-
tial data. Section 3 is devoted to the formal derivation of the incompressible Navier—Stokes
equations. In particular, the transport term u® - V,u® is derived in section 3.1 and the diffusion
term is derived in section 3.2. In section 4, we take the hydrodynamic limit and prove the con-
vergence of the unique local solution for the approximate equation (12) to a local weak solution
for the incompressible Navier—Stokes equations (17). In section 4.1, we apply the Helmholtz
decomposition P to get rid of the gradient term that has high frequency in the formal equations
derived in section 3. We also prove the strong convergence P(x°) to u here. In section 4.2,
we collect all the convergence results established to give a proof to theorem 3. In section 5,
we give characterisations to 2D and 3D isotropic lattices when ¢, = 3~2 and a size condition
is imposed on particle velocities. In section 5.1, we rewrite the summation conditions in (4)
using expectations in the probability setting. Section 5.2 is devoted to the characterisations
of 2D and 3D isotropic lattices. In section 6, we present the numerical implementation of
the D2Q9 scheme in the 2D case to provide numerical evidence that justify the convergence
behaviour we have proved in the analysis part.

Throughout this paper, the notation A < B will mean that there exists a constant ¢, which is
independent of ¢ and v, such that A < ¢B.

2. Local solvability of the approximate DVBGK Boltzmann equation

First of all, we would like to highlight a simple tool that is crucial for norm estimations of
nonlinear terms in this paper.

Proposition 4. For m € N such that m > d, the Sobolev space H" (R?) is a Banach algebra.

1
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Proof. Forf,g € H’"(R;l), we can easily observe by the Cauchy—Schwarz inequality that

el < D (Tt DT D0 107078l )

TGNg,|T|,<m UENg,agf

where the notation o < 7 means that o; < 7; for all 1 <i <d. Since m > d + 1, we note that
either |o|s or [T — 0|y = || — |o|s must be less than or equal to m — [¢] — 1 where [£] denotes
the largest integer less than or equal to % Without loss of generality, we may assume that
|o|s < m— [4] — 1. Then, by the continuous Sobolev embedding Al (RY) < L>®(RY), we

deduce that

1907 813 gy < 1912 () 1972 e

< |lf||2m(R;1) Hal‘”glliz(m)-
Hence,

d
Vel < Wy 3 (bt D gl
X X TGN{),lThgm X
g 1 d 2 2 . J
4 U gy I Z( 0
a1 (mt+d—1""

This completes the proof of proposition 4 since Hm(R)‘f) is certainly a Banach space. O

Remark 5. The continuous Sobolev embedding H!21*!(R?) < L°°(RY) plays an important
role in proving proposition 4. We recall that in fact, it holds more generally that A* (Rff) —
L>(R?) whenever s > 4 as

1y < I ey < )iy 1Rl S Wl

where (¢€) := (1+|¢[?)? and & denotes the Fourier transform of /.

2.1. Local energy estimate for the DVBGK Boltzmann equation

The local energy inequality can be derived by working directly with the original DVBGK
Boltzmann equation (5).

Lemma 6. Suppose that (V,w) is an isotropic lattice. Let € > 0 and m € N satisfying m > d.
Then, for any g*¢ € H)’:‘L%M,, there exists Ty = To(g"%,V,cs,m,d) > 0 such that for any g° €

L>([0,To]; HYL; ) satisfying the DVBGK Boltzmann equation (5) on (V,w), the local energy
estimate
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I6° ()20 + / 85 (5) = 8° (5 [z ds

(V+V )”gOEHH my2

x v,w

(20)

< o [ P
]/_t. CLE”g 9 ||H;”L%w x Zv,w

holds for any t € [0, Ty] with a constant Cr g = Crp(V,cs,m,d) > 0.

Proof. Let7 € Ng satisfying | 7|5 < m. By applying 97 to the DVBGK Boltzmann equation (5)

and taking its inner product with 07 ¢ in the L}L} , sense, we obtain that

I~ dy .. L5 Tgs T
3 Zwi Et”ax 8i HZZ(R;!) + =5 Zwi 107 8ieq — a'g HLZ(R")
i=0 i=0

l : T & T T
gygwi‘/]w(axgi,eqa )agteq

By (7) and (8), we observe that

n
Zwi (giequz = ZW,V, gleq gl) =0.
i=0

Hence, by substituting expression (6) for gi eq into the right hand side of (21), we deduce that
2y ZW’/  8ieq = 07 87) OF 8leq X
T € T g £ T — 0'
3D DD DI PRIy WU L

i=0 a,8= ]UENd o<T

2y

d
KV o T o T—0
2045VZW’H8 8ieq— 018 ”LZ(R;’) Z Z |07 ut, 0] I,t%HLZ(Rﬁ)

a,B=1 (TEN" o<T

J— gv X | |d _
< gy 2B = 8 sy + ey S Y 0o
i=0 a,f= ]UEN”{,U<T

(22)

2
where fy . := (lrgax [vi |) + ¢2. From the proof of proposition 4, we see that

N

S0 1070w gy < 0 By 51

UGNO,¢7'<T

On the other hand, we observe by (7) that the estimate

||“aHHk RY) < <ZW1||8, HHI» RY ) szﬂg, ||Hk RY)

13
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holds for any 1 < o < d and k € Ny. Therefore, (21) and (22) imply that

2 d[ZWt 1978712 Zwl 19785 — 0787 I g
) (23)
gV JCs ‘ |
S Tﬂg HHng W||g ||H\ Tlpz
Summing up inequality (23) over all 7 € Ng satisfying |7|s < m gives us
1d 1 G o dim?
5 g 18 ez, + 55 lgsa — &Mz, < 55— €% iz - (24)
Applying Gronwall’s inequality (see e.g. [24, page 362]) to
d oo Bedm’
&Hg ”I-I;IL%N S T4y K ”H";IL%YW’
we deduce that
160 s, < Vi, 5)
§ )
HPLE _Z'CLEHg

where Crp= Cre(V,c,m,d) :=4""c7803, d*m?. Substituting inequality (25) into the
inequality

%Ilgeq - ggHizngg’w < ||g€||f1nggyw7

which is another implication of inequality (24), we can further deduce that

1 ' € €112 ds < 2||g06||HrL3v 0,e 12
- - w2 ds < —vg" gmee -
22 /O ||geq 8 HHva,w U—t- CLE”gO 5| iz ”g ”HX L2,
Finally, we take Ty < vC;, ||g** ”;I”-ZL% - This completes the proof of lemma 6. O

Remark 7. It is easy to observe that the cutoff operator A, commutes with the differentiation
O,. Moreover, it holds that for any f,h € L2L?

xXv,w?

(A (N)shrnz, = (Fhe (M)zr2, and A (A () = A ().

Making use of these three properties of the cutoff operator A., we can deduce that lemma
6 also holds for the approximate DVBGK Boltzmann equation (12) defined on an isotropic
lattice (V,w), with g*<, ¢ and gZ, in inequality (20) being replaced respectively by A (g%<),
Ac(g7) and G,
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2.2. Existence of a local solution for the approximate equation
Proof of lemma 2 (Existence). For simplicity of notations, we denote f* = (ff)ogi<n :=
Ac(g°) and f5 = (fipJo<i<n = Ac(g"9), e

i =A:(gf) and ﬁozAE(g?’E), 0<i<n

Performing integration of the ith component of the approximate DVBGK Boltzmann
equation (12) for each 0 < i < n with respect to the time variable, we have that

fi (=1,

0_/é(vi'vxﬁ)d5+/ ; (gieq—jf)ds. (26)
0

=
Based on the integral equation (26), for each 0 <i < n, we define a sequence of functions

{fi;}jen, inductively by

Sij (1) :fign*/o é(vi'vxﬁ,i(s))dﬁ/L(gf,eq,i(s) —fii(s)) ds 27

0 521/
forj € Ny where
7 Ag u; 15 ¢ 5 15
G gy = e () + 220 4 2SN (s — ) A, (A (), A (), ).

2 4
c 2c
S S a,p=1

n n
A (pjs) = Zwi i Ac (u]s) = Zwi vifi
i=0 i=0

with A (45 ), denoting the ath component of A, (u7). For every j € N, we setf; := (ff;)o<i<n-
The key idea here is to show that the vector sequence {f; };en, is Cauchy in L ([0, T]; HYL; ,,)
for each 0 < i < n. By Minkowski’s integral inequality, for any j € N and 0 < i < n, we have
that

1
1
Hfiij+l _ﬁJ”H'"(R;’) 5/{; gHVi Vi (ff,, _fisxjfl) ||Hw(R;') ds

t
1
+/0 2y 1Gieqj = Girea 1 ”Hm(Rff) ds (28)

t
1
+ [ =il .

Since the Fourier transform of f7; is supported within B (0) forany 0 < i < nandj € Ny,
by the Bernstein-type lemma (see [3, lemma 2.1]), we deduce that

1
l|vi - Vi (fi, _fis,jfl) HHm(Rg) SV (fi/ _ﬁu'*l) ||Hm(Rﬁf) N g“ﬁu _ﬁJ*IHH’”(R;’)' (29)

To estimate the ™ norm of 7., — G

18 ) = e (55) iy + I+ (A () = A 20)) gy S 1

feq j—1>We first observe that for any j € N,

Lz,
(30)
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Since the cutoff operator A, commutes with the differentiation 0,, the nonlinear terms in
Gfeqj gfeq j—1 can be estimated by Plancherel’s identity and proposition 4, i.e. for any j € N
and 1 < o, 8 < d, it holds that

||Ae (Aa (qu)QAE (u]s)ﬂ B AE (u;—l)aAE (u;-_1>5) HHW(Rf)
(8 1) = e 1), ) A 05 i
+ ||As (Mje—l)a (AE (MJE)B - As (ujs—l)/3> ||H'"(Rff) D

(18 () Uy + 10 (1) ) ) 1A (1) = A (1)
(s HILZ, I Iff —fi-1

Hence, by substituting estimates (29)—(31) back into inequality (28), we obtain that for any
jeNand0<i <n,

| Hm (Rﬁ’)

Hm L2 .

xSv,w

/AR ZAN

wz,)

xv,w

1+
1fr 41 _ﬁj||H"l<Rf!) 5/ VHfE f}'grlHHm(Rg)ds
(32)

|
[ (1 W b, 16 ) =l 4,

ase € (0,1).
Finally, we shall prove by induction that there exists 7 > 0 sufficiently small so that simul-
taneously, it holds for any j € N that

= e 157 (2)

“fE ||L°°Hx mL2 HMLE
et (33)
2T (1 +v)
SWhllgez, + = (Wollmzez, + Wilsz ) = M (55, T)
and for any j € N satisfying j > 2,
1
W = fi-illgemmez, < Eﬂff Ji-allgemmez - (34)

Let k € N with k£ > 2. Suppose that estimates (33) and (34) hold simultaneously forall 1 <j <
k. Then, by summing up estimate (32) over 0 < i < n, we deduce that

(1+1/)
Ve —feilaermerz, (14 Wi ooz, + fillegermez, ) -

v,w

Vs ~Fillisemorz, <

Using assumption (33) for cases j = k — 1 and j =k, we have that

Vi1 —fillgempez, S

v,W

(1+2M (f5, D) Vi —fiaillzgerpez -

v,w

(1+V)T

There exists T = T4 (f;,,v) > 0 such that

(14+v)T.

S (14 M(f5,T.) <

N\'—‘

16
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Hence,

1
Werr —fillge ez, S EWZ —fioillzge ez - (35)

By working directly with equation (27) for j =0, we can show by analogous derivations as in
the above paragraph that the inequality

(1+v)T
I =Sollgermrz, < T2,

(Wl sz, + 16, )

xv,w

holds for any 7' > 0. By assumption (34) and inequality (35), we deduce that for all j that takes
integer value from 2 to k + 1, it holds that

1
S s — il

Hff *ff—l ||L,,°.<*>H;*L2,

As aresult,

k+1

Ifit1 ”L;?jl—lj;lL‘zw S 6 HHXngw + Z If —fim1 ”L.fjH;"LaW
j=1
k+1 1

+IIfi =16 ||L;jH;fL3m, : Z -1

=1
w2, T2 —follege ez, S M(f5. T).

v,w

< Hfg HH'"LZ,

xSv,w

< I

This completes the proof of the induction. By the contraction mapping principle, the sequence
{f: }jen, is indeed Cauchy in L>*([0, T..]; H'L; ). Taking the limit as j — oo, we obtain a local

v,w

solution to the approximate DVBGK Boltzmann equation (12). O

Remark 8. In the proof of lemma 2, the existence of a local solution /¢ to the approximate
DVBGK Boltzmann equation (12) is concluded by the Banach fixed point theorem. Hence,
for any ¢ € [0, T.], it holds that

fE:As(fE)'

With the help of the local energy estimate (15) and the standard continuous induction argu-
ment, we can extend this local solution /¢ further to a local solution f* € L> ([0, To]; HY'L; )
satisfying

F=A(F), viepT,

where the existence time T is a constant that only depends on the initial data g and m. Hence,
without loss of generality, we may always assume that € satisfies f = A.(f°) whenever we
consider a local solution f© constructed in lemma 2.

As a direct application of lemma 2, we have the following implication.

17
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Corollary 9. Letm € Nwithm >d and {€,}nen C (0,1) be a sequence that converges to zero
asn — oo. Let {g""} ,en be a sequence of initial conditions satisfying g™ € H’}’Liwfor any
n €N and

M, :=sup||g"*"| w2, < 00.
neN

v, w

Then, there exists Ty = TS(M*,m) > 0 such that for each n € N, there exists a unique local
solution g* € L ([0, Ty]; HY'L} ) to the approximate DVBGK Boltzmann equation (12) with
initial condition A.(g%°") satisfying A (g°") = g° and the local energy estimate (15). Let

n n
P = E wig", U= E wivigi".
i=0 i=0

It holds that
1
En En . < 2 -
:lelg llp \|Loo([o7m;Hm(Rﬁ)) +:gl§ [|lu ||Lco([0,TO];Hm(R§)) 324v)IM.. (36)

By suppressing subsequences, there exist
g €L ([0, 15[ HYLY,)  and  (p,u) € L ([0, Tg]; H" (RY))

such that g — g weak-+ in time t, weakly in H;”Lg’w and (p=,u®") — (p,u) weak-* in time t,
weakly in H"(RY) as n — co. In particular,

n n
p:ZWigia MZZWiVigi
i=0 i=0
and
G- —0 in L*([0,T5];HYL;,) as n— oc. (37)

Proof. By lemma 2, we can observe that if we choose

v

< 7
o< 2CeM? (38)

where Cpg is the constant introduced in lemma 6, then for any n € N, there exists a local
solution g € L>([0, Tg]; Hy'L} ) to the approximate DVBGK Boltzmann equation (12) with
initial data A, (g%%") satisfying A.(g") = g° and the local energy estimate (15) on the time
interval [0,7;]. By Plancherel’s identity, for each n € N, we have that ||A.(g%%")

llg%=n || mrrz - Together with (38), we can deduce from the local energy estimate (15) that

HILZ <

1
sup |18 (D) lmyrz, < 2+ 1) M. 39)
neN, 1€[0,7;] '

Estimate (36) is a direct consequence of (39).
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Since H"(RY) is separable, H"(R?) is also separable [6, theorem 3.26]. Since L' ([0, T;])
is separable, L!([0,7;]; H™"(RY)) and L'([0, T3];H;™L?,,) are both separable. Since the
sequences

En En En
{||g ”L“([Oaﬂﬂ;ﬂﬂi,w)}neN’ {HP ||Loo([0,T(ﬂ;Hm(R¢))}neN7 {||u HLoo([o,Tg];Hm(ng))}neN

are all uniformly bounded, by suppressing subsequences, we conclude by [6, corollary 3.30]
that there exist g € Hy'L} |, and (p,u) € H™(R?) such that g= — g weak-x in time 7, weakly

in H7L; , and (p=,u*") — (p,u) weak-* in time 7, weakly in H™(R?) as n — oo. Finally, the

convergence (37) results from the implication of local energy inequality (15) that

1 (%
=38 1G5 () = 87 () puz, A5 < (24 v) 185" s, < (2+v) M.

This completes the proof of corollary 9. O
Remark 10. Following the assumption made in corollary 9, since
p =p and u” Su in o (L ([0,To);H" (RY)),L' ([0,To);H ™ (RY))),

we have by the uniform estimate (36) that

=

i

1Pl (0,75t gy y < M [0 (10,1100 (me)) S (24 )

(SIE

M,
0]l oo (10, 70):tam (meyy < Hminf ([ oo (10 7j.pam (me)) S (241) M

)

see e.g. [0, proposition 3.13].

2.3. Local well-posedness for the approximate equation

The uniqueness and continuous dependence on initial data for the local solution can be proved
by deriving the energy inequality for the difference between two local solutions for the approx-
imate equation (12) that are well-defined on the same time interval.

Proof of lemma 2 (Uniqueness and continuity with respect to initial data). Let >0 be
fixed. Suppose that /=, g € L>([0,To); HY'L2,,) are two local solutions for the approximate
DVBGK Boltzmann equation (12) on the same isotropic lattice (V,w) satisfying

{fs:Ae(fE)a Flop=¢"
g€ =M(g), & |_p=1""

and the local energy inequality (15) respectively. Their difference h® := f* — g° satisfies the
vector equation

COIE +v- Vo = Siy (He, — ), | = O — e, (40)
where for any 0 < i < n,
- d
Hieq = Pi+ Vzczuh + Zic‘s‘ ﬁz A (uﬁauiﬁ — u;auz’ﬁ) (v,',avi,g - cf&ag)
‘ o,f=1

19
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with notations
n n
ps = Zwizf, us = Zwi vizg for z°€ L™ ([0,To] ;H;”Lf,w)

and uZ , denotes the ath component of u for any 1 < o < d. Then, by applying 97 with |7|s <
m to the difference equation (40) and taking its inner product with 97 4° in the L)%L% ,» SENSE,
we obtain that

7ZW17||6ThE 12 Rd sz ‘87— 1eq_a;—h6||L2(R¢l)

=5 Zw, / (07 H; oq — OTHS) OTH o dx.

Analogously, in this case, the isotropy of (V,w) also guarantees that

Zwi (Hieq—he = Zw,v, ,eq—hs) =0.
i=0

Hence, considering Plancherel’s identity, we deduce that

= Zwl / (07 H oq — OTHS) O H; o dx

Rd

2C45V Z Z Zwt Vi,aVi,g — 5&6)

i=0a,f=lo<T

[ O H; = 0T8) A (0757 = 000107 )

n

EV’CS TH T 1€
< ZC?{':V ; ||a i eq 8)( hi HLZ(R(J) (41)

d
< 303 (10750050l ) + 1075 00752 )

7ﬂ—la<7'
2 N2, ZW1||6T%zeq_8;h€||Lz(Rd)
e%} d2‘7_|d o T—0O o T—O
L 5 S (1921050075 s gy + 1971650075 112 )

a,B=lo<T

2
where ly . = (glaé( i |> + ¢2. By using proposition 4 to further estimate the right hand
I

side of (41), we obtain that

1d - T TH T
5& ZW ||a hE”Lz Rd 2 2 Zwl ‘6 leq—ax hEHLZ(Rd)
(42)

8. el
< T (1 B WP s 16 s 1 )

20
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Summing up inequality (42) over all 7 € N¢ satisfying ||, < m gives us

1d, . e e
2dt”h ”H’"LL " HH —h ||H;”L‘2,’w

2 d (43)

évvfs m €
< 2 iy, (1 Wiz, + 8 sz, )

4cdy v

Without loss of generality, we may assume that 7y, which depends on sizes of (*¢ and 7%, is
chosen to be sufficiently small so that simultaneously

sup [IF () Bz < 0 +2) 1 Ba
€0, To) v v

sup (g% (1) [Bwre. < (v +2) "5 s -
tE[O,To] ‘ ' ‘ ’

Applying the standard Gronwall’s inequality to (43), we deduce that the estimate

tel (CO,E7170,E)

1 (0) s, < 11C%

holds for any ¢ € [0, Ty] where

&1 (0% 1%) = e 8 (27 ) by (1O B+ 1% B, )

Combining with the existence of the local solution, the local well-posedness of equation (12)
can thus be concluded. O

3. Formal derivation of the incompressible Navier-Stokes equations

Suppose that (V,w) is an isotropic lattice associated with speed of sound c¢;. Let £ >0
be fixed, m € N with m>d and gy € H’"LV - By lemma 2 and corollary 9, there exists
To = To(go, V,cs,m,d) > 0 sufficiently small such that the approximate DVBGK Boltzmann
equation (12) admits a unique local solution g € L>([0, To; HY'L? ) satisfying g = A (g°),
g ‘,:0: A< (go) and the local energy inequality

£ 1 TU £ £
sup Ilg" (1) Pz + =5 / 1G5, () — 8 (1) szt < 2+ ) lgol s (44)
tE[O,T()] : ’ € 0 ’ ! :

Due to (14), by taking the inner product of the approximate equation (12) with 1 and v in the
L‘%’W sense, we obtain that

n n

sti 0,87 + Zwi vi-Vygi= 0 = e0p°+divu®,

‘ ‘ (45)
st,vlatg, +Zwlvl Vi xgl) 0 = Eatu +sz X" V1®Vlgl>

For each 0 < i < n, we define the matrix A; by

2]

Ai =V; Qv; —C

21
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with I denoting the identity matrix. By making use of the matrix A;, for each i we have that
Vi (vi @vigi) = Vi (Aig7) + Cfvxg}s.
Furthermore, we decompose

Vi (Aigf) =Vy- (Ai (gzE - gis,eq)) + V- (Aigifeq) :

3.1 Derivation of the transport term u® - Vxu*®

In this section, we show that the transport term u° - V,u® can be obtained by rewriting the
summation of ¢ ~'w; V, - (A; g,.feq) ini.
Lemma 11. It holds that

n

1
Z EW,'VX . (A,-Qieq) = Vx . (ME ®M8) “!‘R?(XJ)
i=0

where R5(x,t) is a remainder vector depending on x and t which converges to zero in the sense

of distributions, i.e. for any ® € C°(R? x [0, Ty]),

To
/0 [ Ri(x)@ () ded] 50 a5 0

More explicitly, the remainder vector R5(x,t) is defined by expressions (49) and (50) within
the proof of this lemma.

Proof. Substituting expression (13) for G7_ directly, we have that

i,eq
n 1 n 1 -
; WiV (AiGi) = ZO Ve (wiA,-pE Twidi = )
) . (46)
1 2 e €
+ 24 Z Vi (WiAi (viavip — c20ap) Ae (ufu3)) -
i=0 «a,f=1

By using the second to the fourth summation condition in (4), we observe that for any 1 <
o, B <d,

n n n
ZwiAi’a,g = Zwi (vi,avi,ﬁ — c?(Sag) = Zwi ViaVig — c§5aﬁ =0
i=0 i=0

i=0
and
n d n d
A e __ 25 €
Willi,a,8ViyUy = wi (Viavip — ¢;0ap) ViylUy
i=0~=1 i=0~y=1

d n d n
€ 2 €
= g u, E WiViaVi,gViy —cs(5a5§ u, E wiviy | =0,
y=1 i=0 y=1 i=0
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where the notation A, ,, g represents the (¢, 3)-entry of the matrix A;. Hence, it holds that

Z v, ( Aip +W,Alv'c'”>_0. (47)
N

Moreover, by using the third and the fifth summation condition in (4), we derive that for any
1<v,(<d,

n n
D widiny ¢ (Viavip —as) = > _wi (Vinvic —0y¢) (Viavip — €2us)
i=0 i

=) WiviaVigVigVic — Ci0apbsc = carydpc + c20aclpy
i=0
(48)

By substituting (47) and (48) back into the right hand side of (46), for any 1 < v < d, we obtain
that

n d
1 1
{Za v (AiGieg) } =3 D (Bardpc + Sacdpy) Ou A (uGu)
i=0 ~ «a,B,(=1
1 d
b > (65c0r Ac (u5u5) + 05, 0c A (uGu))

B,(=
d
= 0 Ac (ufud) ={V, (6 @)}, + R (x,1),,
¢=1

where R%(x, 1), is the remainder function

d

R5(x, t)ﬂ{ = Z&% (AE (uzui) — ”2”2) , 49)
c=1

which converges to zero in the sense of distributions. Indeed, for any 1 < v < d and ®(x,1) €
C°(RY x [0,Tp]), we observe by remark 7 that

To To
/ Ry (x,1)., @ (x,1) dxdt = —/ / (Ae (u5u®) —uSu®) - V@ dxds
0 JR? 0 JR?

Ty
_ / / Wi - (A (V,) — V,@) dedr,
0 RY

By the Plancherel’s identity, we deduce that

—m

A (V3®) = VB2, opy = 472 1+ ¢ 213(¢,1)|*d
A= (V@) = V.l g =4 [ (116 e[ €0 o

\%

<47r2/ B (6,0 [7de =0
Il
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as ¢ — 0 forany ¢ € [0, To|. Using proposition 4 and inequality (36) to control u5 u®, we deduce
by the dominated convergence theorem that

To
x@) — fol)) dxdt

R4

0
To
< [l
0

To
= 2
SIgollim([O,TO];H,X,,%)/0 /E>l\<1>(§7z)| dédr—0 as €—0.

() A< (22) = Vo |y e

Finally, we set the vector field
R7(x,1) := (R7(x,1),, R7(x,1),). (50)

The proof of lemma 11 is then completed. O

3.2. Derivation of the diffusion term Axu®

In this section, we show that the diffusion term A,u® can be obtained by rewriting the sum-
mation of e ~!'w; V, - (Ai (&F — Qlfeq)) in i. For simplicity of notation, in the following we shall
denote g° — ggq by F¢ and g — ggeq by F7 foreach 0 <i < n.

Lemma 12. It holds that

n 1

Z —wi V- (A FF) = —cvAuf — vV, divi® + RS, (x,1),
€

i=0

where R5 (x,1) is a remainder vector depending on x and t which converges to zero in the sense
of distributions, i.e. for any ® € C=°(R? x [0, Ty)]),

To
/ Ry (x,1) @ (x,7) dxdt| =0 as e —0.
0 JRY

More explicitly, the remainder vector R$(x,1t) is defined by expression (56) within the proof of
this lemma.

Proof. By rearranging the approximate equation (12), we note that
Fi= —gzyalg?‘ —evv; - Vgt (51

for any 0 < i < n. By substituting expression (51) for F; for each i, we rewrite

Zi Vi (A FY) z—auz:w, -(A;0.g%) _VZW’ v (A (vi-Vag))-

i=0

Furthermore, we rewrite again

sz x° Vi ng sz x° v}-e +Zwl x° ( vgzaeq))
i=0
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What we are about to show is that the diffusion term A,u° comes from

Zw, . ViGie)) (52)

whereas

Ezwl X" Aa,g, +ZW’ x’ (Vi'vxﬂs))_)o

i=0

in the sense of distributions as € — 0.

By substituting expression (13) for G, into (52), we observe that

ieq
Zwi Vi (A (vi - ViGiey))
i=0

= Wi Ve (A (vi - Vap?)) +Cizzw,~vx (Ai (vi - Vi (v 1))
i=0

$ =0

n d
3
+ g ZWi Vx ' Z Ai,oc,ﬂAi (Vi : Van (uzu%))
S i=0

a,f=1

For 1 < 3 < d, we can deduce from the second and the fourth summation condition in (4) that

n d
{zwlvx (- 920°) } Y (st = ) v

B i=0a,y=1

Z 8Xa8x~,p (szvzavz,ﬂvt'y cs aﬁzwtvt 7) =0.

a,y=1
For 0 <i < n, we observe that
d d
hf = V(v -u®) = va&ca (vi -u®)= Z viyav,',gaxau%.
a=1 a,B=1

Thus, for 1 <j < d, we have that

i=0 k=1 i=0k,a,5=1

n n d
5 2 5
= E E w[v,»,kv[\,v,,av[,gaxkaxauﬁ —c E E w; 5kjvivav,',ﬁ8xk8xauﬁ.

i=0 ko, f=1 i=0 k,o,f=1

n d
{ZW, X A hE } ZZW, lkdaxkhl —Z Z wiAi,kai’avi,Baxk(?xau%
J

(53)
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Again, by the third summation condition in (4), we deduce that

n d n d
Z Z wiékjv,-,avi,gaxkaxau% :Z Z wivi’av,’ﬁ@jf}xau%

i=0k,a,5=1 i=0 «a,f=1

lelotvl ax 8xau =cC ax Xa a
=3 (Svans | 200 - 230

a,B=1
(54)

On the other hand, we deduce by the fifth summation condition in (4) that

n d d

Z Z WiViaVi,gVi, kv,daxkaxa uB = C Z Qﬁcskj + 5ak55j + 6aj6ﬁk) 6xk8Xaug
i=0 k,cr, f=1 ko, B=1

d d d
=ct 0 Y GaplyOu s+ > SarDyOetf + Y Opudy Oyuty (55)

a,B=1 k,a=1 k,B=1

Zaxj o U Q+Za2 u +Z L0y

Substitute (54) and (55) back into (53), we obtain that

{Zw, (A;RS) } S cﬁAxuf +C§3x, divu®
J

forany 1 <j <d.
We set

D (x,0) == 751/Zw, - (A; 0,g7) fl/Zwl P -V F7))
n d (56)

EV .
—5a 2 Ve | D AvasAi (i Vihe (uhs))

S i=0 «a,B=1

It is not hard to see that R}, converges to zero in the sense of distributions as € — 0. Indeed,
we take @ € C?O(Rd x [0,Tp]). By the local energy estimate (44), for any 1 < 5 < d, we have

that
To
i {/ Vx-(Ai (V,' -Vx]:f))fbdxdt}
0 JR? 8

n

Z Z wi laﬂvl,fy/ / .7:55)@8)(&@ dxdr

i=0 a,y=1

< Tg H]:E||L2([0,To];F1j;’L§M_) ||V2c1> ||L°°([0,To];H*m(Rf{)>

1
< eT; ”gO”HL{’L%,wHVZq) HLOO([O,TO];H*'”(Rf)) —0 as —0.
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On the other hand, by estimate (39), we have that
n To n To
Zw,-/ / BV, - (A;8,¢5) dxdr Zwi/ / (ATO,g5) - V. @ dxdr
—o 0o JRr? =0 0o JRr?
§XN%J%WWMWMM+ZMAﬁ%WW%@@%WH
i=0 i=0

n T(J
+> wi /0 /R 185110,V ®| dxdr
i=0

S Hgo||L°°([O,TO];H{;’LE,W) (Hvxq) ”Loc([o,ro];y—m(Rf)) + TOHatvx(I) HLOO([QTO];H—'"(R;{))) < Q.

Analogously, for any 1 <j < d, by using proposition 4, Plancherel’s identity and estimate (39),
we deduce that

n To d
Zwi / / PV, Z Ao pAi (vi - Vil (uguj)) | dxdr
i—0 o /R a,p=1 /

j

d T
= Z Z WiAi,a,ﬁAi,kJVi,'y/ 0/ Ac (ufuz) 0,0, ® dxdr
0o Jre

i=0 a,B,7,k=1
2 2
S Tollus || oc([O,TO];Hm(R;{))||vx¢||LOC([O,T0];H_'”(R§£))

2 2
5 TOHgo”LOQ([O,Tg];H;"L%’W) ||qu) ||L°°([0,T0];H*’"(Rff)) < 0.

This completes the proof of lemma 12. O

4. The hydrodynamic limit

In this section, we further stick to the setting in section 3. Combining lemmas 11 and 12, we
rewrite system (45) as

2

O — AvAWE + V- (uf @uf) — c2vV, divu® + %prg + R (x,1) =0, 57)

divu® +e0p® =0,
where R®(x,t) := R5(x,1) + R5(x,1). By the second equation of (57) and estimate (36), it is

easy to observe that divu® — 0 in the sense of distributions as € — 0. More precisely, we have
that

To
/ / 1 divu® dxdr
0o Jrd

/deE(To)z/J(TO)dx’—i—s

<e (58)

To
/ / 050 dxdr
0 R4

S €||g0HL°°([O,To];HTLﬁW) {||¢ ”LW([O,TO];H*"I(R;’D + Tg |0 ||L2([0,T0];H*"’(R"X/))}

Lﬁ@w@wﬁs

27



Nonlinearity 38 (2025) 055014 ZGuetal

forany ¢ € L°°([0, To); H"(R?)) satisfying 1) € L2([0, To); H™(R?)). Since u® — u weak-
% in ¢ and weakly in H”(R?), we have that

To To
/ W div (u® —u) dxdt:—/ / (u® —u)-Vypdedr — 0 (59)
0o Jr 0o Jrd

as € — 0 for any ¢ € L' ([0, To]; H'(R?)) as H' (RY) < H~"(R?). Since Ty, is finite, by com-
bining (58) and (59), we obtain that

TO TO
/ ¢divudxdt=0=/ / u- Vi dxde (60)
o Jre o Jre
for any 1 € L= ([0, To; H' (RY)) that satisfies d,1) € L*([0, To]; H' (R?)).

4.1. Application of the L2 Helmholtz projection to equation (57)

In order to get rid of the term V,p° whose coefficient is e ! in the first equation of (57), we
consider the Helmholtz decomposition for L*(R?). Let us recall that for any & € L>(RY), there
exists a unique decomposition i = hy + V7 such that

ho € L, (RY) == {f € L* (R}) | divf =0},
V.ur €G*(RY) :={V,m e L>(R}) | 7 € Li,. (R)) }.
Moreover, it holds that
”hOHLZ(Ri/) + Hvxw ”LZ(R;{) < ZHhHLZ(Ri’)' (61)

The Helmholtz projection, denoted by P, is the projection that maps % to kg, i.e. we have that
P(h) = ho for h € L*(R?). Furthermore, the Helmholtz projection P satisfies the properties

P(hg)=hy YhoeLZ(RY) and P(V,r)=0 VV.,reG*(RY). (62)

Let Q := I — P where I denotes the identity operator. Applying the Helmholtz projection P to
the first equation of (57), we observe by the second property of (62) that

OP (uf) — AvAP ) +P (V- (uf @uf)) +P(R) = 0.

Proposition 13. Let h € H'(R?) with k €N satisfying k> 1. Let h=hy+ V1 be the
Helmholtz decomposition of h in L>(R?). For any T € N& with || < k, the unique Helmholtz
decomposition of 9T h in L*(RY) is given by OTh = 0T hg + V(07 7). Moreover, it holds that

197 ol re) + 195 07 ) ey < 2007l

Proof. Let 7 € Ng satisfying |7|; < k. Since we are working in the whole space R¢, the L?
Helmholtz projection P is explicitly defined, i.e. for 1 <i,j < d, the (i, j)-entry of P is given
by IP; := §;; + R; R; where R; and R; denote the ith and jth component of the Riesz transform,
respectively. Hence, it can be easily observed that the differentiation 0, commutes with P
and 07T hy = OTP(h) = P(d7h). The L? boundedness of P can be proved by working with the
explicit formula for IP. As a result, by estimate (61) we have that

107 ho

|L2(R;1) = [P (07 h) HLZ(RJ{) S ”&:han(ng
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ie. 07 hy € LZ(R)‘f). Note that 97 hg is divergence free. Analogously, by the L? boundedness of
I — P and estimate (61), we have that

105 (Fm) 52 ey = 197 = PO ey S 10Tl )

ie. V,(977) € L*(RY). By noting that 97 € L>(RY) if 7 € N¢ satisfies 1 < |7|; < k, we con-
clude that OTh = 07 hy + V(07 ) is indeed the unique Helmholtz decomposition of 9 in
L*(RY). O

Combining proposition 13 with corollary 9, we observe that the sequence {P(u°)}. is uni-
formly bounded in L>° ([0, Ty]; H" (RY)). Hence, by suppressing subsequences again, it can be
concluded that there exists # € L>([0, To]; H"(R?)) such that P(u®) — % where the conver-
gence is weak-* in time 7 and weakly in H"(RY), i.e. for any ¥ € L'([0,To]; H"(RY)), it

holds that
T() TO
/ / \I/dxdt—>/ /u Udxdr as €—0. (63)
Rd Rd

On the other hand, for any ¥ € L' ([0, Ty]; L>(R?)), it holds that

To TO
/ / (u® —u) \I/dxdt—/ / ut—u) -P(U)dxdr—0 as e—0. (64)
Rz/ R4

Combining convergence statements (63) and (64), we deduce that

To TO
/ /u \I/dxdt—/ / Udxdr, V¥ eL'([0,To];L* (RY)). (65)
R4 R4

We next prove that with property (60), the limit point u is actually divergence free, i.e. in this
case we have P(u) = u a.e.

Lemma 14. Suppose that u € L= ([0, To]; L*(R?)) satisfies

To
/ /u~Vx1/;dxdt:0, V1 € W ([0,To); H' (RY)).
0 R?

Then, for any U € C>([0,To]; C°(RY)), it holds that

To To
/ / \Ildxdt—/ /u W dxdr.
RY R4

Proof. Let ¥ € C=([0,Tp];C°(RY)). For each r€[0,Ty), let W(x,r)=Uo(x,1)+
(V.I)(x,7) be the Helmholtz decomposition of W(-,7) in L*(RY) where II(-,1)=
A~'div¥(-,1). By integration by parts, we can easily observe that for each ¢ € [0, To], II(-,¢)
is indeed a Riesz potential of W(-,¢). Since we are considering test function W, there exists a
constant C(2,d), depending only on 2 and d, such that

L) sy < €)1 )t ) < (66)

X
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see e.g. [29, chapter V theorem 1]. Combining (66) with estimate (61) for the Helmholtz
decomposition, we deduce that II € L>°([0,Tp];H'(R?)). Moreover, since the operator
A~!div is linear, we have that

IT —1I —
(x,t+h) (x,1) _ A-ldiv U (x,74+h) — U (x,7) 67)
h h
for any #,¢+ h € (0,T,). We next define
@i (x):= sup [(O¥)(x,0)|, Vxe R%.
t€[0,Ty)
By the mean value theorem, for any #,#+ h € (0, 7)), it holds that
| (x,04h) = U (x,0) | < hoy (x). (68)

By integration by parts and (68), we can deduce that for any x € Rlandr,1+h e (0,Ty),

U(x,t+h)—" 1 v h)—v
‘Afl div (X, + ) (x5 t) ‘ g — ‘ (yat+ ) (y7t> dy
h R X =] h

</R e ) ldy =1 () ).

« =yl

Considering that ¥ is smooth with respect to both x and ¢ and has compact support in R? with
respect to x, it can be easily observed that ¢, € LZ(R)‘f) N L (ij) also has compact support.
Hence, by analogous reason as (66), we have that I; (|, |) € L*(R?). Then, by taking the limit
h — 0 for equality (67), we can conclude by the dominated convergence theorem that

(OII) (x,1) = A" div (9, ¥), V (x,1) € R x [0,Ty)].

Furthermore, since each component of VA~ ldivis nothing but a linear combination of R; R;
(1 <i,j <d), we observe that VA~!div is bounded in L?(R?). Thus, we obtain that §,II €
L>=([0,To]; H' (R?)). Using (60), we can finally deduce that for any ¥ € C*°([0, Ty]; C>°(RY)),
it holds that

To Ty To To
/ /IE”(u)-\Ifdxdt:/ /IP’(u)-\Ilodxdt:/ /u-\llodxdt:/ /u-\lldxdt.
0 R? 0 R? 0 R? 0 R?

This completes the proof of lemma 14. O

Combining lemma 14 with the convergence statement (63) and equality (65), we establish
the convergence of P(4®) to u in the sense of distributions. In fact, the convergence of P(u®)
to u can be proved to be stronger than this weak sense.

Lemma 15. Suppressing subsequences, P(u®) — u strongly in C([0,To]; H"'(R?)), i.e. it
holds that

HP(U6)—“”LOO([O,TO];H'”*‘(R;’))_>0 as ¢—0.
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Proof. The second equation of (45) can be written as
1 n 62
O + =V [ Y Wi Ff | + 2Vop® = =V, (uF @u°) - RS (69)
€ — €

where Ff = gf — G, forevery 0 <i <n.LetT € Nd with || < m — 1. Applying 97 and the
Helmholtz projection PP to equation (69), we obtain

1 n
OB (97u%) + P (vx : <Z WiA; 8;]-?))
i=0 (70)

=S P ((07u" - V) 07w + 07w div (9] u%)) —P(RS).

o<T

Integrating equation (70) over the time interval [t1, ;] C [0, Ty] and then taking its inner product
with P(07u(1,)) — P(97u®(t1)) in the L? sense, we have that

|P (07 u (1)) — P (] " (1) HL2 (R?)

1 & T TE . T Ut —0Tut
() rncs s

i=0
_;/ o O V) 07 B (00w (1) = 0w (1) dd )
*Z/ / div (87=7u%) 871 - P (97w (1) — 07w (1)) dludr
o<T R

- / ) OTRE P (87 uf (12) — 7w (1)) dudr = (1) + (II) + (III) + (IV).
Rd

a1

For any ¢ € [t1,1,], we can deduce simply by Holder’s inequality that

Z / (sz zaﬂaxaa;ﬁ>P(a;f(rz)—a;usmnﬁdx

a,f=1
SIVOTFE (0 2 () 10707 W oo (0,722 (e ) -

Hence, by the local energy inequality (44), we have that

1% ([ 19057 Oy ) 0200 1000 )

1

S(2+v)? (fz—f1)2||go|\HmLz

v,w

aTgsHLOO( [0,To);L2L2 )"

As we have already seen in the proof of proposition 4, for m >d and o € Ng satisfying o < 7,
either o or |T|s — |o|s + 1is less than or equal to m — [¢] — 1. Hence, we may assume without
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loss of generality that |o|; < m — [4] — 1. In this case, for € [1;,1,], we have that

Z/ (071,) (s, 07 7u5) P (07 u" (1) — 07w (1)) 5 dx
a,B=1
7

= ([0,To];Hm (RY)) 107 u"|[ o ([0,701;L*(R?))*
Hence, by the local energy inequality (44), we deduce that

(D1 @+v) (02— 10) lgollzrz, 1078 e (j0.11202

v,w X, w

) (72)

Note that |(IIT)| can be estimated in exactly the same way as |(II)|, i.e. estimate (72) holds for
|(TID)]. Since

/GT s (Ac (uqup) — ugug) P (97 u® () — 07 u® (1)), dx
a,B=1

d
S (1P OFu (12) = 070" (1)) [ s gy D {197 8 e (75) gy + 195 85 05 )}
B=1
112 T €
S lu ||Loo([0,T0];Hm(Rg))Hax” ||Loo([o,rg];L2(Rf))

for any ¢ € [t1,1,], estimate (72) holds for |(IV)| analogously.
By summing up (71) over all 7 € Ng with |7]|s <m — 1, we deduce by the local energy
inequality (44) that

HP(ME(IZ))_P(ua(tl))HHm—l(Rﬁ) <@+v)’ (1+\/TO) (- 1) lgollzmzz -

Therefore, this shows that {P(x)}. C C([0, To]; H"~'(RY)) and {HP(WE)(f)HH,H(Ra)}E is

equi-continuous in time z. By the Arzela—Ascoli theorem, we conclude by suppressing sub-
sequences that there exists u, € C([0, To); H"~'(RY)) such that

HP(M‘E) — M*||L°°([0,To];H'“*1<R‘X’)) —0 as £—0.

By splitting u,. — u into (u, — P(u°)) + (P(u®) — u), we can deduce by lemma 14 that
To
/ / (s —u)- U drdr =0, YT € ([0,Ty]:C (RY)).
Rd
Finally, by the fundamental lemma of the calculus of variations, we conclude that u, = u a.e.

in RY x [0, Ty). This completes the proof of lemma 15. O
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4.2. Convergence to the incompressible Navier-Stokes equations

Finally, we decompose
P(Vy- (uf @u?)) =P (V- (P(u*) @P(u))) + Re (u°)

with

Rp (u*) =PV (P() @ Q")) +P(Va+ (Qu) @ P (1)) + P (Vi (Qu") ®Q(u))).

Let €% (RY) := {w € C*(RY) | divw =0 in R’}.

Lemma 16. For any ® € C*([0,To]; C2%(RY)), it holds that

—0 as —0.

To
/ Re () - @ dxds
0 R?

Proof. Since the test function ¢ we consider is already divergence free,

T() T[)
/ / VOQu )-@dxdt:/ /IP’(uE)@Q(uE):VX@dxdt.
R? 0 JR
We further decompose
To To
/ / Pu®)®Qu®):V <I>dxdt—/ / ) —u)®@Q (1) : V,® dxdr
0 JR? R?

To
—|—/ / u®Q u%) : V.o dxdr.
0 JR!

By lemma 15, we deduce that

To

) —u) Q1) : V@ dxdr

< / 1) () = 100 ey Q) 0 5y 9 Ny e

Ve | (0,12 (me)) — O

S Tol [P (u®) — uHLoo([ojo];Hz(Rd)) ”gOHH‘”Lf .

as € — 0. Since lemma 14 says that Q(u) = 0 a.e. in R? x [0, Ty], we have that

To To
/ / u®@(u€):vx<1>dxdt:/ / u®Qu® —u): V,d dxds
0 R 0 R?

:/OTO/Rd(uE—u)-Q(u-VxCID)dxdt.

Noting that u-V,® € L>([0,To); H"(R?)) and H"(RY) — H~"(RY), we can then deduce
from the weak convergence of u° to u in L> ([0, To]; H" (R?)) that

To
/ /(us—u)-(@(u-vxfb)dxdt—)O as &0,
Rd
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On the other hand, by using lemma 11, we can further deduce from system (45) that
edp® +divQ )= 0,
eOQ () + AV, = —@(vf<§fmmﬁﬁ>—f@wa«f®f»—mun%7
- (73)
where the second equation is obtained by simply applying the projection Q to equation (69).
Combining corollary 9 with proposition 13, we observe that {p°}. and {Q(u®)}. are both

uniformly bounded in L>([0, Ty); H"(R?)). By proposition 13 and the local energy inequal-
ity (44), we have that

)

Combining propositions 4 and 13 and the local energy inequality (44), we can deduce that
2 dr

/ QY. - (4 @) ||, ](Rd)dt</0 2= () [ ) (74)

<To@+0) g0l -

ol—

1 T
ar <1} ( [ 15 dr)
i 0 -

e(2+v)* g0

Hm"[2 -

x Tv,w

Moreover, by the Plancherel’s identity, we observe that the L] H”~! norm of Q(R$) follows
estimate (74) as well. Therefore, we show that the right hand side of the second equation
in (73) converges to zero in the strong sense in L'([0, To); H"~'(R%)) as ¢ — 0. By a com-
pensated compactness result due to Lions and Masmoudi [21] (see also [10, theorem A.2]),
which basically says that fast oscillating acoustic waves do not contribute to the macroscopic
dynamics in the incompressible limits, we can conclude that

P(V.- Q) ©Q(u))) =0

in the sense of distributions as € — 0. This completes the proof of lemma 16. O

Lemma 17. For any ® € C*°([0,To}; C%,(RY)), it holds that

To To
/ / ut @ut))- e dxdr— / / - ® dxdr
R4 R¢

Proof. We decompose

ase— 0.

/R (Vi (P(u) @P(u))) - @ dxdr

/Tl;d/w ) —u)- Vi@ P (uf dxdt+/TU/Rdu V.® - (P(uf) — u) dxdt

To
/ / - dxdr.
Rd
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Combining lemma 15 with proposition 13, corollary 9 and remark 10, we deduce that
To To

)—u) - Vi@ P (uf) dxde| + u-V,® - (P(uf) — u) dxdt

R" R?

5 Ty (2-1-1/)2 IP (%) — MIILOC([O_’TO];Lz(R;z)) HgOHLOC([()’TO];H;nLE’w)||qu> HLoo([o,To};Loo(Rg))

—0 as —0.

The convergence of the remainder Rp(u°) to zero in the sense of distributions is guaranteed
by lemma 16. We thus obtain lemma 17. O

Summarising all the convergence results that we have derived in this paper, we have proved
that

/TU {3,1P’(u€)—cgquIP’(ue)—HP’(V,C-(ME@ME))}-<I>dxdt
0o Jr

To
— uo-q)(x70)dx—{/ / u-8,<I>+(u®u):VX<I>—czuwa(I)dxdt}
0o Jrd

R
as € = 0 for any ®(x,7) € C°([0,7y); Ccofa(Rff)), ie

we ([0, Tu]:H"! (R) 1L ([0, 7o) " (RY))
is a local weak solution to the incompressible Navier—Stokes equations

&u—cfl/Axu—i-Vx'(u®u)+VxP:07
Vi u=0

with initial data u(x,0) = P(u).

5. Characterisation for isotropic lattices

The purpose of this section is to characterise the 2D and 3D isotropic lattices associated with
1 . . oy . .
the speed of sound ¢; = 37 2 under a restriction condition on the particle velocity set V.

5.1. Relation to the cubature formula

Given a lattice (V,w), by considering ng := {0,1,2,...,n} as the state space, we can define
a corresponding discrete and finite measure space (ng,2™,P) and measurable functions X,
(e €{1,2,...,d}) by setting

P({i}):=w; and X,(i):=via (Viemny).

On the other hand, suppose that we are given a measure space (£2,2%, P) with Q being a finite
set and the probability measure P having full support, i.e., this means that P({y; }) > 0 for
each y; € ), and measurable functions X, (o € {1,2,...,d}) on this measure space. Then, we
can construct a lattice by setting

Via :=Xo (yi) and w;:=P{y}) (Vy €Q)
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and v; := (vi1,vi2,...,viq). Hence, there is a one-to-one mapping between lattices and finite
measure spaces with full support combined with d measurable functions on these measure
spaces. Let ¢ > 0 and Y, := ¢ X, for any a. Then, the definition of an isotropic lattice asso-
ciated with the speed of sound ¢, can be rephrased as the following.

Definition 18. A lattice (V,w) is isotropic with the speed of sound ¢, > 0 if the following
conditions hold for its corresponding measure space (£2,2?, P) and the measurable functions
Yo (@€ {1,2,....d}):

1. (2,29, P) is a probability space.

2. E[Y,]=0forany l <a<d.

3. E[YoYg] =06up forany 1 <o, <d.

4. E[Y,YgY,|=0forany 1 < a,fB,y <d.

5. E[YoYY,Y¢] = 0apd~y¢ + 0ay0p¢ + 0acdpy forany 1 < a, 8,7, < d.

Here E[] represents the expectation of ‘-, i.e. the integral of ‘-” with respect to measure P.

Let Z, (@ € {1,2,...,d}) be independent Gaussian random variables with E[Z,] = 0 and
E[Z2] =1 for a € {1,2,...,d}. Then, conditions for Y = (Y}, Y,,...,Y,) in definition 18 are
summarised as

Ef(Y)] = E[f(Z)]

for any polynomial f of d variables with degree less than or equal to 4 where Z =
(21,Z,,...,Zy). To find such Y = (Y},Y>,...,Y,) taking a finite number of values is a well-
studied problem in the context of cubature formulas, see e.g. [25]. For example,

e For d =2, there is a solution with n =7, i.e. the D2Q7 scheme exists,

e For d =3, there is a solution with n =13, i.e. the D3Q13 scheme exists,
e For d =4, there is a solution with n =22,

e For d =5, there is a solution with n = 33,

e For d = 6, there is a solution with n =44,

e For d =7, there is a solution with n =57,

e For d > 8, there is a solution with n = d* + 3d + 3.

5.2. 2D and 3D isotropic lattices

In this section, we always consider ¢; = 3~2. Without this causing of any ambiguity, when we
. . . . . . 1,
refer to isotropic lattices, we omit the words ‘associated with the speed of sound 372",

Proposition 19. Suppose that the lattice (V,w) is isotropic and the support of X, is in [—1,1]
forany a € {1,2,...,d}. Then,
PXoa=0)==, PXo=1)=PXp=-1)==

forany a € {1,2,...,d}.
Proof. Fix a € {1,2,...,d}. Since the support of X, is in [—1,1], it certainly holds that

X2 > x4, ie P(X2 >X*) = 1. Since the algebraic conditions for an isotropic lattice say that

E[X2] =E[X}] = %, we must have P(X2 >X4)=0,ie P(X2 = ) = 1. That means that
P(X, €{-1,0, 1}) = 1. Then, E[X%] = 1 implies that P(X,, = 0) = % and E[X,,] = 0 implies
that P(Xo =1) =P(Xo = —1) = ¢. O
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Proposition 20. Suppose that the lattice (V,w) is isotropic and the support of X, is in [—1,1]
forany o € {1,2,...,d}. Then, for o, 8 € {1,2,...,d} satisfying o # f3, it holds that

o P(Xo=Xp=0)=14,
o P(Xy=04,X3=0)= éfor oo €{-1,1},
o P(Xo =00,X3=03) = 5 for oa,05 € {—1,1}.

Proof. Leta,f € {1,2,...,d} witha # B.Forany k,j € {—1,0, 1}, for simplicity of notations
we denote P(X, = k,Xg = j) by pi;. Note that E[X,X3]| = 0 implies that

p11+p_1,-1—p1,—1—p-1,1 =0, (75)
E[X2Xg] = 0 implies that

Pii—P—1,-1—P1,—-1+p-1,1=0 (76)

and E[X2X3] = § implies that
1
Dii+P—1,—1+Pi,—1+P-11 =3 (77
Adding (75) and (76) together, we obtain that p; 1 =p; —; and p_; 1 =p_;,1. Adding (75)
and (77) together, we obtain that

1
pigtp-1,-1= =P +p-1,1- (78)

Moreover, we have that

PXo=1)=—=pii+pio+pi—1, PXa=—1)=—=p_i1+p_io+p-1-1. (19

By adding the two equations in (79) together and making use of (78), we deduce that

P1o+p-10= (80)

§.
By proposition 19, we have that % =P(Xg=0)=pi0+poo+p—_10. Hence, equality (80)

implies that pg o = g. In addition, by the linearity of expectation, we can deduce from E[X,, +
X3 =0 that

2p1,1 +p1o+Ppo,1 = Po,—1 +p—1,0+2p_1,-1 (81)
and from E[X,, — Xg] = O that
P1,0+2p1,—1+po,—1=po,1+2p_11+p_10. (82)

Subtracting (82) from (81) and noting that py,; = p;,—1 and p_; _1 = p_1,1, we deduce that
Po,1 = po,—1. Using proposition 19 again, we have that % =P(Xo =0) =po,1 +Ppoo+po—i.
i.e. it holds that

1

Po1=po.—1 =75 (83)
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Since (83) holds for any «, 8 € {1,2,...,d} satisfying o # 3, by interchanging values of «
and 3, we deduce thatp; o =p_1 0 = %. Finally, by substituting values of p; o and p_; ¢ back
into (79), we obtain that

1
P11 =pP1,-1= % =pP-1,-1=pP-1,1-
This completes the proof of proposition 20. O

Corollary 21. Let d=2 and (V,w) be a lattice. Suppose that the support of X,, is in [—1,1]
for any o = 1,2. Then, the lattice (V,w) is isotropic if and only if the scheme is D2Q9.

Proof. Sufficiency is an outcome of propositions 19 and 20. Necessity is a well-known fact
which can be easily checked by direct calculations, see e.g. [16]. O

Proposition 22. Suppose that the lattice (V,w) is isotropic and the support of X, is in [—1,1]

for any a € {1,...,d}. Suppose that o, B, € {1,...,d} satisfying o # 5, « %~y and B # 7.

Then, there exist constants ¢ € [0, 5] and cq, cg, ¢ € [— 35, 55| such that

P(Xo=Xs=X,=0)=1-38c

P(Xq=00,Xpg=X,=0)= % +4c+4do4cq for o4 €{-1,1},

P(Xo =00,Xg=03,Xy=0) = 3¢ —2c —204Cq —205c3 for oa,03 €{—1,1},
P(Xo =00,Xg=03,Xy =0y) =C+0qcq+0scg+0ycy for oq,03,0,€{—1,1}
Moreover, the constants ¢,cq,cg,C satisfy the inequalities

cal +lepl ey < e,

1 .
c+lec|+ eyl < =5 forany ¢nefa, By} with (#n.

Proof. Let o, 3,7 € {1,2,...,d} satisfy the relations o # 3, 8 # v and «« # . For any i, j,k €
{-1,0,1}, for simplicity of notations we denote P(X, =i,X3 =j,X, =k) by p; ;. Since
E[X,Xs5X,] = 0 and E[X2X3X,] =0, it holds that

0=E[(Xa+X2)XsXy| =2p1,1,1 — 2P1,1,—1 — 2p1,—1,1 + 2P1,—1,—1 (84)
and
0=E[(Xoa —X2)XpX,] = —2p_1.11+2p— 11,1+ 21,11 —2P—1,—1,—1- (85)
By (84), we have that

P11 —PL1,—1 =P1,—1,1 —P1,—1,—1- (86)

Replacing (o, 8) by (53, ), we deduce from (86) that
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i.e. we obtain that p; ;1 —pi,—1,-1 =p—1,1,1 —P—1,1,—1. In addition, (85) implies that
P—1,1,1 —P—1,1,—1 =P—1,—1,1 —P—1,—1,—1- (88)

Combining (86)—(88), we can conclude that the quantity py,, 55,1 — Pon,05,—1 18 independent
of 04,05 € {—1,1}. Hence, without causing any ambiguity, we may set 2¢, := pg,, 05,1 —
Poa,0s,—1 fOr 0,05 € {—1,1}. By applying analogous argument to consider
E[X. (Xs+X3)X,] =
2
E[Xo X3 (X, +X2)]

0= E[Xa (X5 —X5)X,],
0= E[XaXs (X, —X)],

we can deduce that pi o, 5 —pP_1,05,0, =: 2o is independent of 0,0, € {—1,1} and
Poal,o, —Pou,~1,0, =: 2cg is independent of 0,0, € {—1,1}.
Letc:=pj 1,1 —ca — cg —cy. Then,

PL1,—1= Pir11—2¢y = Ppi1,-1= C+CatCg—Cy,
P-1,1,1= PL11 =20 = P_111= C—Cq+Cg+Cy, (89)
P1,-1,1= P1,1,1 —2¢g = P1,_1,1= C+Cq—Cg+cCy.

Using (89), we further deduce that

P-11,-1= Pp-111—20y =  Pp_11-1= C—CatC3—Cy,
Pl—1,-1= Ppi-11—20, = Ppi—1,-1= C+Ca—Cp—Cy,
P-1-11= P-111—23 =  p_1-11= C—Ca—Cp+Cy,
Pol,—1,-1= P-1,—1,1 =20y = P_i,_1,-1= C—Cq—Cg—Cy.

Summarising what we have obtained, it holds that
Pou.opoy =CtH0aCa+0pc5+ 0,y 90)

for any 0,03,0, € {—1,1} withc:=p; 11 —cq —cg — 4.
By the fourth bullet point of proposition 20 and (90), we can deduce that for og,0, €

{_1’1}
p070'570'»y :pog,ou, _pl,ag,ou, _p—l,alg,ou, - % _20_20'605 _ZU’YC’Y'

Analogously, for 04,0~ € {—1,1}, it holds that

1

Doo 0,0, = 36 2c¢— 20400 —204Cy 1)

and for 0,03 € {—1, 1}, it holds that
= ! 2¢ — 20 20
Oa,0 =57 —4C— aCa — cg3.
p s [370 36 B B

Furthermore, for o, € {—1,1}, we deduce from the third bullet point of proposition 20
and (91) that

1
P00.cy = P00y ~P10.0y TP-10.0, = g +4c+4ocy. (92)
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Similarly, for o, € {—1,1}, it holds that

1
Poa,0,0= E +4c+4oqcq

and for o3 € {—1, 1}, it holds that

1
D0,55,0 = 13 +4c+4ogeg.

Using the first bullet point of proposition 20 and (92), we deduce that

P0.0.0=P0.0 =P0.0.1 ~P00.-1 = 3~ 8c.

Finally, we let

. 1, if x>0,
=9 oo

By considering (90), we can deduce from

P(Xo = —sgn(ca),Xp = —sgn(cp) Xy = —sgn(cy)) >0
that

0< leal +lesl + ey <.

Since P(X, = sgn(cq), X3 = sgn(cg),X, = 0) > 0, we have that

1
< =
C+|CO¢|+|C5‘ 72

Similarly, by considering P(X, = sgn(c,),Xs =0,X, =sgn(c,)) >0 and P(X, =0,Xp =
sgn(cp), X, = sgn(cy)) > 0, we also have that

Fleal Hley| < = and e es] + oo < o
c+leq cy|<=— and c+|c cy| < =—.
RN AITIEA TS 75

This completes the proof of proposition 22. O

Proposition 23. Ler d=3 and (V,w) be a lattice. Suppose that the support of X, is in

{=1,0,1} for any o =1,2,3. For any 1 < o, 8,y < 3 satisfying o # 5, a#~ and B # 7,
if there exist constants ¢ € [0, 5] and cq, ¢, ¢ € |— 55, 75] such that

e P(Xa=0)=3% and PXo=1)=PXo=-1)=4¢,

o P(Xo=X3=0)=3,

o P(Xo=00,X3=0)=1% for o,€{-1,1},

o P(Xo =00, Xg=0p) =3 for oa,08€{—1,1},

e P(Xo=X3=X,=0)=1—8c

o P(Xo =00, X3 =X, =0)= 15 +4c+4oaca for oo€{-1,1}
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o P(Xy=04,X3=03,X,=0)= % —2c—204cq —20pcg  for 0,08 €{—1,1},
o P(Xy =04,Xg=03,X, =0y) =C+0qCa+0scg+0ycy for oq4,08,04€{—1,1},

then (V,w) is isotropic.
Proof. This proof contains nothing but direct calculations. It can be easily verified that

E[Xa] =0,

S W =

o]
—
o
S S &
Il
_ W =

oca€{—1,0,1}

> P(Xa=0aXs=0p)=1,
oq,08€{—1,0,1}

Z P(Xa=04,Xpg=03,X,=0,) =1
0a,03,0y€{—1,0,1}

For «, § € {1,2,3} with a # 3, we have that
E[X.X3) = 3% A1 (=) 4 (=1)- 14 (=1)*} =0,
EDGXs) = 5 {1+ 12 (1) (-1 14 (1) (- 1)} =0,

EDQXs) = 5 - {144 17 (1) + (-1 14 (=1 (- 1)} =0,

1
E[X2X}] = %~{14+12~(71)2+(—1)2.12+(—1)2.(71)2}:
For o, 8,7 € {1,2,3} with « # 8, a # 7 and 8 # -y, we have that

E[XaXsX,] =1’ (c+0a+0s+0y)+12-(=1)-(c+0a+05—0)
F1 (1)1 (et a0 +03) 41+ (1) (1) (e + 0 — 05— o)
+(=1) PP (e—oatogtoy) +(=1) 1 (=) (c=0a+05—07)
F(1) ()1 (e 0a = +03) + (<1) - (~1) - (1) (e~ 00 ~ 03 — o)
=0

and

E[XeXpXy] =1"(ctoatogtoy) + 1P (=1): (c+oa+0o5—0y)
+12.(=1)-1- (c+aa —og +07) +12.(=1)-(=1)- (c+oa —og—0y)
+ (=112 (c—0a+0s+0oy)+(=1)* 1 (=1) (c—0a+05—0y)
H(=DP (D)1 (e—oa—0og+0y) + (=17 (1) - (=1)- (¢ —0a —05 —0y)
=0.
We thus obtain proposition 23. O
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Remark 24. Combining propositions 22 and 23, we obtain a characterisation for 3D isotropic

lattices. Different from the 2D case, 3D isotropic lattice associated with the speed of sound
L. . . . .

372 is not unique even if we require X,, to be supported in [—1, 1]. For example,

o Ifc= %2 and ¢, = cg = ¢4 = 0, this corresponds to the D3Q15 scheme,
o If c = ¢, = ¢g = ¢y =0, this corresponds to the D3Q19 scheme,
o Ifc= ﬁ and ¢, = ¢g = ¢y = 0, this corresponds to the D3Q27 scheme,

see e.g. [16].

Remark 25. The characterisations of 2D and 3D isotropic lattices (corollary 21, propositions
22 and 23, respectively) in this section rely sharply on the assumption ¢ = 3~ 2. Indeed, sup-
pose that ¢, # 3~z. Then, even if we assume that X, is supported in [—1, 1], it is possible for
X, to be supported on values other than —1,0, 1. For example, in the 2D case, if we consider
V = {vo,v1,v2,...,v6} C R* where

V():O,

2mj 2mj
vj:(cosgj,singj>, j=1,...,6

;
and w = (wo, w;,w2,...,ws) € R where

1

W()Zi,

1
— . j=1,..6
wj 12’ J ) 3 Jy

then it can be easily checked that the combination (), w) is an isotropic lattice associated with
the speed of sound ¢ = %, which corresponds to the D2Q7 scheme. If we apply the proof of
proposition 19 to the setting of (V,w), then we shall face the problem that E[X%] # E[X%],
which further induces the possibility that P(X?, > X% ) > 0. Hence, it is not necessary for X,
to support in {—1,0,1}.

Remark 26. Itis worth noting that requiring the random variable X, to be supported in [—1, 1]
is not necessary for a lattice to be isotropic. If (V,w) is an isotropic lattice associated with the
speed of sound c, then for any real number A > 0, the lattice (AV, w) is also an isotropic lattice
associated with speed of sound § where AV := {\v; ‘ 0<i<n}

6. Numerical investigation of the hydrodynamic limit of the DVBGK Boltzmann
problem

In this section we conduct numerical computations designed to illustrate the hydrodynamic
limit investigated in section 4. This is done by comparing the macroscopic velocity fields
derived from the solutions of the DVBGK Boltzmann system (5) which are obtained for a
sequence of decreasing values of ¢ to the solutions of the Navier—Stokes system (17) where the
initial condition for the former system, go’s, is chosen to be consistent with the initial condition
for the latter, ug, cf theorem 3. For simplicity and to fix attention, we focus here on the 2D
setting (d =2) and consider both the DVBGK Boltzmann and the Navier—Stokes systems (5)
and (17) on a torus T2 := [0, 1]? rather than on an unbounded domain R?, which is motivated
by computational considerations. Defining vorticity w := Vi - u, where Vi := (=0,,,0,,), it
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is convenient to rewrite the Navier—Stokes system in the vorticity form obtained applying the
operator (V) to the first equation in (17)

Ow~+ (u-Vy)w— cquxw =0,
u=ViAlw, 93)
w(x,0) =wp:= Vi

x < U,

where A ! is the inverse Laplacian equipped with the periodic boundary conditions on
T)zc. Since solutions of the 2D Navier—Stokes system (93) conserve the mean vorticity,
(d/dr) [ow(x,t)dx =0, >0, it is necessary to restrict the admissible initial conditions wy
to have a zero mean, sz wo(x)dx =0, as this will ensure the Laplacian can be inverted at all

times (cf the second equation in (93)). For the DVBGK Boltzmann problem we consider the
D2Q9 lattice given by (9), (10) and the speed of sound ¢, = %

We then focus on the following two macroscopic initial conditions which for convenience
are expressed here in the vorticity form:

e the Taylor—Green vortex
wo (x1,x2) = 10sin (2 ax;) sin (27 bxz) 94)

where a = b = 2, which leads to a solution of system (93) where the nonlinear term (1 - V, )w
vanishes identically for all times ¢ > 0, such that w effectively solves the heat Equation dw —
c2vAw = 0 on T2 and has therefore the form [32]

w (x1,%2,1) = wp (x1,%2) exp [—471'2 (a2 + b2) czut] , (95)

o the perturbed Taylor—Green vortex
wo (x1,%2) = —sin (27x;) sin (27x2) + exp [fso (()q 12 4 (o — 1 /2)2)} +C, (96)

where the constant C is chosen to ensure that this initial data satisfies the zero-mean con-
dition; solutions of the Navier—Stokes system (93) subject to the initial condition (96) need
to be found numerically as described below in section 6.1; since our spatial domain is the
2D torus, the function in (96) should be interpreted as a periodic extension of a function
restricted to 0 < xj,x; < 1 and since the second term on the right-hand side is not a peri-
odic function, this initial condition has in fact discontinuous derivatives; however, due to
the rapid decay of the exponential function away from the point (1/2,1/2), the magnitude
of this discontinuity is negligible and does not affect the numerical results.

The microscopic initial condition g% for the DVBGK Boltzmann system is then obtained
from (94) or (96) using relation (16) in which we set uy = VXL A7 'wp and, without the loss of
generality, po(x1,%2) = 1, V(x1,x,) € T2

6.1. Numerical solution of the DVBGK Boltzmann and Navier-Stokes equations

The DVBGK Boltzmann and Navier—Stokes systems (5) and (93) are approximated numeric-
ally using a standard pseudo-spectral approach where the dependence of the solution on the
space variable x is represented in terms of a truncated Fourier series and the use of this ansatz
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can be interpreted as application of the cutoff function A, introduced in (11). Derivatives are
then evaluated exactly in the Fourier (spectral) space whereas all product terms are computed
in the physical space with de-aliasing [7]. Discrete Fourier transforms relating the two rep-
resentations are evaluated using the FFT algorithm. The system of coupled ordinary differen-
tial equations resulting from this approximation is then integrated in time using the standard
fourth-order Runge—Kutta method (RK4). This is an explicit approach and hence only con-
ditionally stable, so care must be exercised to ensure the stability of these computations by
using a sufficiently small time step Az. In fact, the DVBGK Boltzmann problem is ‘stiff’, in
the sense that the maximum allowable time step decreases as € — 0. For both problems intro-
duced above, the stability and accuracy of computations was carefully verified by performing
these computations with different time steps At and different numerical resolutions N (where
N is the number of grid points used to discretise the domain T)zc in each direction). Moreover,
the numerical solution of the Navier—Stokes system (93) can be validated by considering the
problem with the initial condition (94), where an exact solution is available, cf (95). This is
in fact a demanding test as it requires the vanishing of the nonlinear term in the approxim-
ate solution. This approach has been numerically implemented in MATLAB and the code is
available on Github [23].

In the numerical solutions of the DVBGK Boltzmann and the Navier—Stokes system (5)
and (93) discussed below the spatial resolution is N = 128. In the latter case the time step is
At =2 x 107, whereas in the former it is in the range At € [2 x 107%,2 x 10~#] depending
on the value of £ (At is smaller for decreasing £). Due to this limitation, we did not consider
values of ¢ smaller than 10~

6.2. Results

Before examining the dependence of the difference between the macroscopic solutions w® :=
Vi -uf of the DVBGK Boltzmann system (5) and the solutions w of the Navier—Stokes sys-
tem (93) on ¢, we provide some additional information about the flows considered. In both
cases, the kinematic viscosity (or the relaxation time in case of the DVBGK Boltzmann sys-
tem) is v = 10~%.

As is evident from its exact solution in (95), due to the absence of the nonlinear effects,
the structure of the Navier—Stokes flow corresponding to the initial condition (94) remains
unchanged in time with only its magnitude vanishing exponentially. Snapshots of the vorticity
field w(x,7) at times 7= 0,8,16,32 during the evolution of the Navier-Stokes flow with the
initial condition (96) are shown in figure 1. Stretching of the vortices present in the initial field
wy 1s evident, giving rise to the formation of thin elongated filaments which is the main dynamic
mechanism sustaining the enstrophy cascade in 2D turbulence [19]. To further characterise this
flow, we define the enstrophy and palinstrophy as

E(t):= %/Tzwzdx, 97)
P(t) := %/T2|Vw|2dx, (98)

which are equivalent to, respectively, the L*> norm and the H' seminorm of the vorticity. It can
be shown that, for smooth solution of the Navier—Stokes system (93), the time evolution of
these quantities is governed by the equations [2]

d&

= __9
= VP, (99)
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Figure 1. Snapshots of the vorticity field w(xi,x»,) at times ¢ = 0,8, 16,32 during the
evolution of the Navier—Stokes flow with the initial condition (96).

ap

o = [ @ V)wAwd—v / (Aw)* dx. (100)
T

T2

We see that, while the enstrophy £(#) is a nonincreasing function of time, the evolution of the
palinstrophy is a result of the competition between the stretching of vorticity filaments and
viscous dissipation represented, respectively, by the cubic and the negative-definite quadratic
term in (100). This behaviour is indeed confirmed by the data shown in figures 2(a) and (b),
where, in particular, we observe that the palinstrophy P(z) initially increases by a factor of
about three. This demonstrates that the Navier—Stokes flow corresponding to the initial condi-
tion (96) is at least for the times considered in figures 1 and 2 dominated by nonlinear effects.
An animated version of these figures is included as the supplemental data of this article.
Finally, our main results are shown in figure 3 where we plot the (normalised) norms of
the difference between the macroscopic vorticity w® in the DVBGK Boltzmann solution and
the vorticity w in the Navier—Stokes flow at a certain time =T as functions of €. The time
when this difference is evaluated is chosen as 7=1 and T =32 for the problems with the
initial conditions (94) and (96). This latter time corresponds to an instance shortly after the
palinstrophy P(f) has peaked, cf figure 2(b). It is clear from figure 3 that the norm of the
difference can in both cases be represented very accurately by a power-law relation obtained
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Figure 2. The time evolution of (a) the enstrophy £(¢) and (b) the palinstrophy P (%),
cf (97) and (98), in the Navier—Stokes flow with the initial condition (96).

via a least-squared fit

o () =" (D2 (12 [1.0458 x 107622922 for the flow with initial condition (94)
llw (T) ||L2(T2) T 17.2178 x 10~4£2%01  for the flow with initial condition (96)

—0(). (101)

Essentially the same power-law behaviour (except for a different prefactor) was also observed
in both cases for different values of 7. We note that in the light of the identity ||V - u| 2 (g2) =
IV | 12(12), relation (101) provides an indication about the rate with which the hydrodynamic

limit is achieved in 2D in terms of the H' norm (at the level of velocity).

7. Summary and conclusions

In conclusion, in this paper we establish that a local classical solution to the d-dimensional
incompressible Navier—Stokes equations (d > 2) can be constructed by considering the hydro-
dynamic limit of a discrete-velocity Boltzmann equation with a quadratic polynomial-type
collision operator obtained as a simplification of the BGK Boltzmann collision operator, as
long as the finite set of particle velocities and their weights satisfy five summation conditions
that characterise symmetries for lattices.

The case for space dimension d =1 is somehow tricky. Since the Helmholtz projection is
not available in 1D, it is hard to eliminate the term O,p° which arises in the conservation of
momentum, i.e. the first equation of (57), and is of order O(¢~"). On the other hand, from
the conservation of mass, i.e. the second equation of (57), it always holds that the limiting
macroscopic fluid velocity u is independent of the space variable x. Hence, our main theorem
excludes the 1D case.

In addition, we characterise the 2D and 3D lattice structures that lead to the incompress-
ible Navier—Stokes equations in the hydrodynamic limit when the speed of sound is ¢; = 371,
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Figure 3. Dependence of [|w(T) —w(T)||z2(r2)/l|w(T) || 2(12y on € for the DVBGK
Boltzmann and Navier-Stokes flows with the initial conditions (94) (red squares)
and (96) (blue circles). Solid lines represent the power-law fits (101).

Furthermore, by implementing the D2Q9 scheme numerically, we observe that the hydro-
dynamic limit of the DVBGK Boltzmann equation is attained at the rate O(£?), see figure 3.
This convergence rate agrees with the theory of Junk-Yong [15] in which the hydrodynamic
limit of the same type of Boltzmann equation was rigorously justified based on the Hilbert
expansion.

However, the strict convergence of the entire sequence {u®}. is hard to justify within
the framework of the BGL program. Although we have a strong convergence for {P(u¢)}.
(cf lemma 15), this strong convergence is guaranteed by suppressing subsequences due to
the application of the Arzela—Ascoli theorem. Besides, the Arzela—Ascoli theorem does not
provide an explicit convergence rate. In addition, due to the presence of a high frequency term
in (57) whose coefficient is of order O ("), we have to overcome the problem that {Q ()},
does not have enough compactness properties to converge strongly. Therefore, if one works
with the BGL program to establish the hydrodynamic limit, it is a challenging task to rigor-
ously prove the rate of convergence of the limiting sequence.

Finally, we would like to raise some open questions that deserve further consideration.
Considering the BGL program, it is interesting to ask:

e can the rate of convergence for {u® }. be proved without considering the Hilbert expansion?
Considering the work of Junk and Yong [15], it is also interesting to pose the question:

e can the Hilbert expansion approach be made to work in higher dimensions (i.e. d > 3) and
for more general lattice structures in the DVBGK Boltzmann equation (5)?

Furthermore, in realistic applications one would need to consider the motion of fluid in a
domain with a solid boundary. Hence, considering the DVBGK Boltzmann equation in such a
domain, it is worth asking:
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e how can the boundary conditions be designed such that proper fluid boundary conditions are
obtained in hydrodynamic limit?
e does the Hilbert expansion approach work when effects of boundaries are introduced?

In many applications of the LBM to high-Reynolds number flows, adaptive relaxation times are
used for higher-order moments to stabilise the numerical scheme. To mimic this, it is possible
to introduce a space-time dependent relaxation time to the DVBGK Boltzmann model. In this
case, the solvability of the DVBGK Boltzmann equation should be guaranteed provided the
inverse of the space-time dependent relaxation time can be controlled, e.g. v/(x,7)~! € L. In
the formal derivation of the Navier—Stokes equations, as long as the kinematic viscosity of
the fluid is independent of space and time, then we expect that the rigorous proof should be
analogous to the analysis presented in the present paper. Since detailed calculations are needed
to confirm this, we leave it as a problem that deserves future considerations:

e does analogous analysis hold if a space-time dependent relaxation time is considered in the
DVBGK Boltzmann equation (5)?
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